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The Existence of Solutions to a System of
Nonhomogeneous Difference Equations

By Stephanie Walker and Alkin Huggins

Abstract. In this article we use a fixed point theorem to determine the existence of multiple positive
solutions for a type of system of nonhomogeneous even ordered boundary value problems on a discrete
domain. We first reconstruct the problem by transforming the system so that it satisfies homogeneous
boundary conditions. We then create a cone and an operator sufficient to apply the Guo-Krasnosel’skii
Fixed Point Theorem. The majority of the work involves developing the constraints needed to utilize the
theorem. The theorem is then applied three times, guaranteeing the existence of at least three distinct

solutions. Thus, solutions to this class of boundary value problems exist and are not unique.

1 Introduction

When first beginning the study of boundary value problems, the student usually deals
with standard differential equations such as the wave or heat equations. However, the
study of the existence and uniqueness of solutions for boundary value problems is an
amazingly rich field, branching into areas such as quantum mechanics and electrostatics.
This paper contributes to this highly applicable and widely researched field.

In [8], Marcos, Lorca, and Ubilla determined the existence of multiple solutions for
the fourth order differential equation u® () = Nh(t, u(t), (1)) where t € (0,1). Their
process involves a transformation technique that replaces the fourth order equation
with a system of second order equations. This technique served as motivation for
Henderson and Hopkins in [6], who utilized a fixed point theorem, namely the Guo-
Krasnosel’skii Fixed Point Theorem, to show the multiplicity of solutions to the fourth
order difference equation A* u(t —2) = Ah(t, u(t), A? u(t — 1)) for t € (0,N +2)7. We have
adopted the process used by Henderson and Hopkins as a model for our work wherein
we establish the existence of multiple positive solutions to a particular type of system of
nonhomogeneous even ordered boundary value problems on a discrete domain. Other
works utilizing similar processes to different problems include [1], [2], and [7].

While we will explicitly state the Guo-Krasnosel’skii Fixed Point Theorem in Section
2, we informally describe a version of it here, as its result is central to our work. Concep-
tually, the Krasnosel’skii Fixed Point Theorem begins with a closed convex non-empty
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2 System of Difference Equations

subset C of a Banach space (X, || - ||). If we then have maps A and B from C into X which
satisfy

(i) Ax+ByeCforeachx,yeC,
(ii) Ais continuous and AC is contained in some compact set,

(iii) Bis a contraction with constanta <1,

then there exists some z € C such that Az + Bz = z. In other words, there is a fixed point
for the map A + B. This version of the theorem is a bit more intuitive than the form we
will present below where many of the above conditions will be replaced by the notion of
a cone. The version of the theorem we employ multiple times in our work is also used for
existence results on other types of problems. For instance, in [5] it is used to determine
the existence of positive solutions under various conditions of nonlinearity in terms of
parameter intervals, and in [4] it is used to determine the existence of positive solutions
of nonlinear fractional differential equations with integral boundary value conditions.

In the following sections, we will determine the existence of at least three positive
solutions to the system of second order discrete nonhomogeneous boundary value
problems having the form:

— AN uy = ANf(tu,..., uy), t€(0,N+2)7, 1)
— AN up=gr(tur,...,un), k=1,...,n-1, te (O,N+2)7, 2)
ur(0) =0, urN+2)=ag, k=1,...,n, (3)

n

where a;,...,a;,A =0, Z a;>0and f, g :[0,N+2]z x[0,00)" — [0,00) for k=1,...,n—-1.
Our process begins in Slecltion 2 with a transformation of the system of second order equa-
tions (1)—(3) into a system that satisfies homogeneous boundary conditions. We then
provide, given that solutions exist, the general form of the solutions to the homogeneous
system. As previously mentioned, this is also where we introduce the Guo-Krasnosel’skii
Fixed Point Theorem, construct a cone and operator that meet the criteria for the theo-
rem, and provide other necessary preliminary information. In Section 3, we state and
prove several lemmas that establish the inequalities necessary for the application of the
Guo-Krasnosel’skii Fixed Point Theorem. Finally, in Section 4, we combine this informa-
tion which allows us to apply the Guo-Krasnosel’skii Fixed Point Theorem three times to
yield our main result which establishes the existence of multiple positive solutions.

2 Preliminaries

To begin, note that given any set S € R, Sz denotes the intersection of the set S with the
set of integers; that is
Sz=Sn<Z.
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Walker and Huggins 3

Recall our original system,

— AUy =Nf(tu,..., uy), t€(O,N+2)7,
_AZ uk:gk(t)ul)---)ul’l)) IE(O,N+2)Z,
up(0) =0, uzx(N+2) =ag, k=1,...,n

n
where ay,...,a,,A =0, Z a;>0and f, g :[0,N+2]z x[0,00)" — [0,00) for k=1,...,n—1.
i=1
To achieve our main result, we need to place the following requirements on the functions
fand gg fork=1,...,n-1:

(HO) f,8k:[0,N+2]z x[0,00)" — [0,00) for k=1,...,n—1 are continuous functions
that are nondecreasing in the last n variables.

(H1) Suppose thereisana, € (0,N +2)z, where a < f3, such that given
(x1,...,Xxpn) € [0,00)", there is a k > 0 such that f (¢, x,,...,x,) > k for t € [a,B] 7.

1t . f(trxly-“!xn) .
(H2) Letz=) x;.Then lim ———""""" =0 uniformly for ¢ € [0,N +2] 7.
= z—0t X1+ -+ Xy
n
t; yeeey .
(H3) Letz= Z x;. Then Zlim w = 0 uniformly for 7 € [0,N + 2] 7.
o =00 X]F et Xp
n-1
8
(H4) There exists yg, g > 0 where Z Ye< oo such that, for
p (N+2)

n
(X1,...,Xy) € [0,00)" with Z X; < q, we have
i=1

n
gk(t,x1,..., X)) <Yk ) xifork=1,...,n—1and t € [0,N +2]7.
i+1
(H5) There exists botha 0 <ni <

n
(X1,...,Xy) € [0,00)" with Z X; > p1, we have
i=1

8
m and a p; > 0 such that, for

n
gk(t,x1,..., X)) <Mg-Y_xifork=1,...,n—1and t € [0O,N +2]7.
i=1
In order for (1)—(3) to satisfy homogeneous boundary conditions, we apply the fol-

lowing transformation. For t € [0,N+ 2]z and k=1,...,n, let ui(f) = ur(t) — Ayt where
aj . .
Ay = ——, which yields

N+2
— AU, = AF(LTL(D) + ALy, Un(t) +Apnt), € (O,N+2)7 @)
—A?up = g (6, T (D +Art,..., Un(t) +Ant), k=1,...,n—1, te O,N+2)7 (5
up(0)=0, uu(N+2)=0, k=1,...,n. (6)

If we can show (4)—(6) has solutions, then (1)—(3) has solutions as well. Now that we have
a system subject to homogeneous boundary conditions (4)-(6), we know the solutions

Rose-Hulman Undergrad. Math. J. Volume 24, Issue 2, 2023



4 System of Difference Equations

are of the form

N+1
un() =X Y. G(t,8) f($,U1(8) +A1S,..., Un(s) + Aps),
s=1
N+1
up(t) = Z G(t,8)8k(s, ui(s) +A1S,...,un()+A,s), k=1,...,n-1

s=1

where G(t, s) denotes the Green’s function,

N+2

1 I(N+2-5), 0<t<s=<N+1,
G(t,8) = ——
SIN+2—-1), 1<s<t<N+2.

Now that we know what solutions should look like, the question is whether they exist.

To show this, we will need some more information. We will start by showing that the
N+1

+2
Green'’s function, defined above, has an upper bound. Notice Z G(t,s) = — t
s=1

1
2
N+2

Consider ¢(x) =
_N+2

1 N+2
x- Exz, where x € R. Then ¢’ (x) = — % and ¢'(x) = 0 when

X

* + 2 . . . . . ,,
. Thus x* = — maximizes ¢(x), since Q is quadratic and Q" < 0. In fact,

(N+2)_(N+2f 1(N+2r_(N+2F

2 2 | 2\ 2 8

. [[N+2 N+
Lett= “T” where [[-]] denotes the greatest integer function. Therefore Z G(t,s) <
s=1

(N +2)2

, which will be useful in the following section. Furthermore, G(t, s) is clearly

nonnegative, and for k = 1,..., n, u; must be positive since f and gj are assumed to be

nonnegative.
n

SetY ={u(t)|u:[0,N+2]z — R} and let (X, || - ||) denote the Banach space X = HY,
i=1
n

endowed with the norm ||(u1,..., u;)|| = Z [|1;]loo, Where || Ulloo = [ronl\?xz] lu(t)]. Also,
— te[0,N+2]z
i=1

let Q, be the set Q, = {(uy,...,u,) € X|||(uy,...,uy)ll < r}, which is open. Next define
CcXby

C={(u,...,un) €X|(U1,...,uy)0) = (Ug,...,uy)(N+2) = (0,...,0) and u; is concave

fori=1,...,n}.

Note Cis a cone as it is a nonempty, closed, convex subset of X that satisfies the following
properties:

Rose-Hulman Undergrad. Math. J. Volume 24, Issue 2, 2023



Walker and Huggins 5

1. f xeCand A >0, then Ax € C.
2. If x,—-x€C, then x =0.

Lastly, define T : X — X as the operator T(uy,...,u,) = (T1(uy,...,un),..., Tp(uy,..., un)),
where

N+1
Tp=A )Y G(,9) f(5,Uu1(s) +A1S,..., Un(s) + Aps),
s=1
N+1
Te= Y G(t,9) gk(s, Ur(8) +A1S,..., Un(s) + Aps),
s=1
fori=1,...,n—1. Thus, T satisfies the following lemma.
Lemma 2.1. Tis a completely continuous cone-preserving operator.

A standard Arzela-Ascoli argument can be used to show that T is completely continu-
ous, and the proof that T is cone-preserving is straight forward.
Finally, the following theorem will be used to obtain our main result:

Theorem 2.2 (Guo-Krasnosel’skii Fixed Point Theorem). Let (X,||||) be a Bana% space
and C X be a cone. Suppose Q1 and Q, are open subsets of X satisfying 0 € ) < Qy < Q.
IfT:Cn(Q2\ Q1) — C is a completely continuous operator such that either

1. ITull < llull forue CnoQ; and ||Tull = ||ul| forue CnoQy, or
2. ||Tull = |lul| forue CnoQy and ||Tull < ||ull forue CnoQy,

then'T has a fixed point in Cn (Q2\ Q).

3 Technical Results

In this section, we present four lemmas that, when combined, show T satisfies the
required inequalities of the Guo-Kasnosel’skii Fixed Point Theorem a total of three times.

Lemma 3.1. Suppose (HO) and (H1) hold and let p* > 0. Then there exists a A > 0 such
that, for every A = A and (ay, ..., a) € [0,00)",

||T(ul))un)|| = ||(u1;---;un)||»

where (uy,...,u,) € CNOQp+.

Rose-Hulman Undergrad. Math. J. Volume 24, Issue 2, 2023



6 System of Difference Equations

Proof. Letp* >0 and take (uy,...,u,) € CNoQp+. Leta,P € (0,N +2)z with a <3 and set

min u; (1)
tela,plz

1t lloo

ri_ )

fori=1,...,n. Also, let r = min{r;|i = 1,...,n}. Note that, fori =1,...,n, I{nl& u; (1)
tela,plz
exists and r%u& u; (1), lluilloo > 0 as u; is concave, u;(0) = u;(IN+2) =0, and ao,p €
telo,plz
(0,N+2)z. This gives that r; exists and r; >0 for i = 1,...,n. Thus r exists, since i is finite,
N+1 N+1 N+1

andr>0.Recall max ) G(t,9)= ) G(f,89)= ) G(1,5) forall r€ (0,N+2)z. Let
te(ON+2)z ;3 s=1 s=1

M:inf{ JOT2n 0120 o Bl (a2 € 0,00, Y 2 = p*}

r-(z1+...+zy) i-1

and

n
Under (H1), since ¢ € [a,Blz, (21,...,24) € (0,00)", }_z; =p* =0 and r > 0, we know
i=1
Jk > 0 such that
flt,rzy,...,rzy) > k>0.

n
Furthermore, given )  z; =p*, notice
i=1

r-(z1+...+zp)=r-p*>0

asr,p* >0. Since f(t,rz1,...,rzy) >k>0,and r-(z; +...+ z,) >0, M > 0. Recall

1 IIN+2-5), 0<st=<s=N+]1,
G(t,9) =

N+2 SIN+2—-1), 1<s<t<N+2.

p
Note G(t,s) >0 forany ¢,s € (0,N+2)z, so Z G(t,s) >0forany € (0,N+2)7z. Now, since

S=a

p
rnM, Y G(i,s)>0,A>0.Let A = A. Then

S=x

Rose-Hulman Undergrad. Math. J. Volume 24, Issue 2, 2023



Walker and Huggins 7

T (w1, .. ull =T (w1, updlloo + o+ Th(ur, ... Un)lloo
= sup |Tp(w,...,un) (@)
te[0,N+2]7
N+1
= sup |A ) G(t,9) f(s,u1(s) +A1S,..., un(s) +Aps)
teloN+2l7 | =1
N+1
>

AY G(E,9) f(s,ur(8) +A1S, ..., un(s) + Aps)
s=1

p
=AY G(E,8) f(s,u1(8) +A1S, ..., un(s) + Aps)

S=A
ﬁ A
=N )Y G(Z,9) f(s,rllulloo - Tlltnlloo)
S=A
fGs,rllunlloos -+ Tl tnlloo)
r-p*

§
=Arp* ) G(i,s)
S=Q

§
= Arll(uy,... up)ll Y G, $)-M

S=A

p
= ArMl|(uy,..., up)ll Y G(i, )
S=a

ﬁ -1

rM ) G(i,s)

S=Q

= ||(ul)’un)||

p
rMIl(u1, ..., upll Y G(Z,9)

S=a

O

Lemma 3.2. Fix A >0 and suppose (H0) and (H1) hold. Then, VA = A and (a,,...,a,) €

n
[0,00)" with Z a; >0, thereisap; =p1(A, ay,...,a,) such that, Vp < p, we have
i=1

||T(ul))un)|| = ||(u1;---;un)||»

for (uy,...,uy) €CNOQ,.

Proof. Suppose (H0) and (H1) hold, A >0, and (uy,...,uy) € C. Let (ay, ..., a) € [0,00)"

n
with Z a; > 0. Givena >0, (ﬁ al,...,ﬁ an) = (aAy,...,aA,) € [0,00)", since (ay, ..., a,) €
i=1

Rose-Hulman Undergrad. Math. J. Volume 24, Issue 2, 2023



8 System of Difference Equations

[0,00)". Then by (H1), 3k > 0 such that
ft,aAy,...,aA,) >k
for t € [a,B]lz where a,p € (0,N +2)7. Let € [a,B]. Under (HO), since f is nondecreasing,

Ftur (O +A1E ..., un(D) +Ant) = f(5,ALL,..., An)
> f(t,dAy, ..., 0Ap).

p
That is f(¢,u1(8) + Art,..., Un(t) + Apt) > k. Take p; = Ak )_G(i,s). Note p; >0 as

S=x
p
A, k>0and G(t,s) >0forall t,s€ (0,N+2)7, so Z G(t,5)>0. Letp<pj and A = A. Then

S=U
V(ug,...,uy) €CNQ,,

p
T (1, .., unll =AY G(E,8) f(s,u1(8) +ArS,..., un(s) + Aps)

S=Q

p
=AY G(E,9)f(s,aAy,...,0A,)

S=Q

p
= Ak ) G(i,9)

S=Q

IR
=Ak— ) G(i,s)

P1 s=«a
p
> Ak [l(uy,..., upll 3 G, 9)
P1 s=a
= ||(u1;;un)||

O

Lemma 3.3. Suppose (H0), (H2), (H4) hold and fix p* > 0. Then, given A > 0, thereis a
n

p2 € (0,p*) and a8 > 0, such that for every (a,..., an) € [0,00)", with0< )_ a; <8,
i=1

T (w1, .. unll < [l (s ... undll,

for (uy,...,uy) €CNOQY,.

Rose-Hulman Undergrad. Math. J. Volume 24, Issue 2, 2023



Walker and Huggins 9

Proof. Suppose (H0), (H2), (H4) hold and fix p* > 0. Given A > 0, pick € > 0 so that Ae <
n

m. Then there is a p, € (0,p*) such that, for Z X; = p2 with (x,...,X,) € [0,00)"
i=1

n
and )_R; < p, we have that
i=1
f(t,xl +Ry,..., x5, +Ry)
(x1+Rp)+...+(xn +Ry)

<€

f([,x1+R1,...,x”+Rn)

(1 +R)+...+ (x5, +Ry)
that

converges uniformly by (H2) for ¢ € [0,N + 2]7. It follows

n
f(t,x1+Ry,...,xp +Rp) <€) (x; +Ry)

i+1

n
for t € [0,N +2]7. Take (uy,...,u,) € CN0Qp, and suppose Z a; < p2. Then, for r €

i=1
[0,N+2]z,
N+1
Tp(uy,...,uy)(t) =A Z G(t,8) f(s,ur(s) +Ays,..., un(s) +Aps)
s=1
N+1
<A Y G(t,9) f(s, Ul + ar,..., | Unlloo + an)
s=1
N+1 n
<)\ZG(t,S)-€' (Nuilloo + ai)
s=1 i=1
n N+1
=Ae | lur,...,u)ll+> ai | Y G(z,9)
i=1 s=1
N+1
<Ae[ll(ur,...,upll+p2] Y. G(t,9)
s=1
N+1
=2Aell(u,...,up)ll Y G(t,5)
s=1
(N +2)2
<2Xell(u,..., un)ll 3
Ae (N +2)2
= —|[(ug,..., un)ll.
4
Thus,
Ae(N +2)2
UTn(ut, ..., un)llo = sup |Tp(uy,..., uy)| < —————||(uy, ..., uy)ll.
te[0,N+2]7 4

Rose-Hulman Undergrad. Math. J. Volume 24, Issue 2, 2023



10 System of Difference Equations

Now consider the remaining Ty’s. By (HO), the gi’s are nondecreasing in the last n
variables. Furthermore, by (H4), thereis a y for k=1,...,n—1 such that

8

n-1
0< <—-
,;Y’C (N+2)2

n
and a g such that, for (x; +Ry,..., X, + R,;) € [0,00)" with )_ (x; +R;) < ¢, we have
i=1

n
gk(t,x1+Ry, ..., X +Rp) S v+ ) (i +Ry),
i=1

fork=1,...,n—1and t € [0,N + 2]7. Pick py such that p, < g Notice
n
Y Ultilloo + @i) = 1wy, ..., up)ll + (a1 + -+ az) < 2p2 = q.
i=1
for t € [0,N+2]7. Let &' <1 and set § = §'p,. Take (uy,...,u,) € CNOQ,, and suppose

n
Zai<8. Then, for k=1,...,n—1and t € [0,N + 2]z, we have
i=1

Rose-Hulman Undergrad. Math. J. Volume 24, Issue 2, 2023



Walker and Huggins 11

N+1
Te(ur, ..., un) () = Y G(1,9) gk(s, ur(8) +ArS, ..., un(s) +Aps)
s=1
N+1
< Y G(1,9) gk(s, lt1lloo + a1, ..., |tinlloo + an)
s=1
N+1 n
< Y G(68) Yk ) Ultilloo + i)
s=1 i=1
n N+1
=Yi | U, ull+ > ai | Y G(z,9)
i=1 s=1
N+1
<Yelllur,...,u)l|+8] ) G(1,9)
s=1
N+1
=Yi [1@,..., u)ll+8'p2] Y G(1,9)
s=1

N+1
= Ye [, ull + 8 (U, ... unll] D G2, )
s=1

N+1
=Y (L+8) (w1, ..., un)ll Y G(2,$)
s=1
(1+8) (N+2)?
Ye(1+8) 1ttty e, ).
8
Thus, fork=1,...,n—-1,
1+68)(N+2)>2
||Tk(u1,...,un)||oo: Sup Tk(ul)---’un)sYk( ) ||(ul)rul’l)||
te[0,N+2]7 8
n
So, taking Y a; <8 and (uy, ..., un) € CNOQ, gives
i=1
T (uq,..., udll = T (uq, .. Updlloo + - + 1 Tn (U, ..., Up)lloo
1+8') (N +2)? 1 (1+8)(N+2)?
<l g TR L 8) 1ttty oy )l
Ae (N +2)?
+Tll(u1,...,un)ll
1+68)(N+2)2 G(1+8)(N+2)2  Ae(N+2)2
:(Yl( JO2E Yt OV A2
8 8 4
(N+2)? el
= (1+6’)k;y;c+2)\e I, ..., un)ll-

Rose-Hulman Undergrad. Math. J. Volume 24, Issue 2, 2023



12 System of Difference Equations

n-1
Thus, choosing 8’ and € small enough so that (1+8') ) yx+2Ae < NT2?’ we will have
k=1
(N +2) el
T, ..., up)ll < (1+8) 3 yi+2Xe| ll(w,..., wp)ll
k=1

= ||(u1yyun)||

O

n
Lemma 3.4. Suppose (HO), (H3), (H5) hold and let (ay, ..., a,) € [0,00)" satisfy 0 < Z a; <

i=1
8, where 6 > 0 is given. Then, for every A > 0, there is a p3 = p3(8, A) such thatVp = ps,
||T(ul)---) un)” = ||(ul)---7un)||)

where (uy,...,u,) € CNOQ,.

n
Proof. Suppose (H0), (H3), (H5) hold and let (a;,...,a;) € [0,00)" satisfy 0 < Z a; <9,

i=1
where & > 0 is given. Let A > 0. By (HO), g is nondecreasing in the last n variables for
k=1,...,n,and by (H5), there are

O<ne< —
k= N7 2)2

n

for k=1,...,n—1and a p; >0 such that for (x; +Ry,...,x;, + R,) € [0,00)" with Z(xi+
i=1

R;) > p1, we have

n
gk, X1 +Ry,..., Xy +Ry) < D (X +Ry),
i=1

for t€[0,N+2]z. Letn=max{nglk=1,...,n—1}. Lete > 0 and choose g; large enough

Rose-Hulman Undergrad. Math. J. Volume 24, Issue 2, 2023
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2z no ... qi€
sothatg;+ ) R;>pande> o which gives n < = Then
i=1 1

n
gr(t, X1+ ay,..., X+ an) <M~ Y (X; +a;)
i=1

<n-) (xi+a)

i=1
DE <
<n-2xi+?-2ai

<n-2xi+qle'6

for ¢ € [0,N + 2]z. Therefore, for any (uy,...,u,;) € CN0Qy,,

N+1

Tr(ug,...,uny)(t) = Z G(t,8) gr(s,ur(8) +Ars,..., un(s) +AySs)
s=1
N+1
< ) G(t,9) gr(s, lunlloo + @1y, lltnlloo + an)
s=1
N+1
<)) G, Mm+e)-(llulloo +... + tnlloo)
s=1

N+1
=M+ellu,..., unll Y G(t,5)
s=1

2
- N+e)(N+2)

uy,..., upll,
3 [1(zq Il

fort€e0O,N+2]yand k=1,...,n—1. Thus,fork=1,...,n-1,

(M +€)(N +2)2
T,y 1)l < “Tn(ul,...,unm.

Next, consider Ty, (uy,..., uy,). Let 8 > 0. Then, by (H3) there is a p,, g» > 0 such that,

Rose-Hulman Undergrad. Math. J. Volume 24, Issue 2, 2023



14 System of Difference Equations

n n
for (x; +Ry,...,Xp +Ry) €[0,00)" with )_ (x; +R;) = g2+ Y_ R; = p,, we have that
i=1 i=1

f(t,x1+R1,...,Xn+Rn) <6,
(x1+Rp)+...+(xn +Ry)

Lx1+Ry,...,x, +R .
as Jt,x1+Ry n+Rn) converges uniformly by (H3) for ¢ € [0,N + 2] 7. It follows
(x1+R)+...+(x, +Ryp)

that

n
f(t,x1+R1,...,xn+Rn) <8'-Z(xi+R,-)
i=1

n
for t € [0,N +2]7. Let g3 = max{qy, 8}. Then, for any (x1,..., x,) € [0,00)" with ) _ x; = g3,
i=1

n
ft,x1+Ry,...,xp +Rp) <8 - ) (x; +R))

i=1
n
<6,-in+8’-6
i=1
n
sﬁ'-inHS’-qg
i=1
n
:26/2.)6,',
i=1
for t € [0,N + 2]5. It follows that
N+1
T, (u1,...,u,) () =A Z G(t,8) f(s,u1(8) +A1S,..., un(s) +Aps)
s=1
N+1
<A ) G(t,9) f(s, urlloo+ ar,..., lunlloo + an)
s=1
N+1
<A ) G(t,9) 28 (It lloo + .. + |t loo)
s=1
N+1
=28'N|(ur, ..., un)ll Y G(t,9)
s=1
' AN +2)?
S—”(ulw--)un)“)
4
for t € [0,N + 2]z, giving
8'A(N +2)?
||Tn(u1»;un)||oos—||(u1;;un)”

4

Rose-Hulman Undergrad. Math. J. Volume 24, Issue 2, 2023
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Therefore,
(n=1M+e)(N+2)> AN +2)2
1T (uy,...,upll < 1 3 II(ul,...,un)||+Tll(uh...,un)ll
(m—1M+¢€) +28'\) (N +2)?
= I|(u1,..., unll.
8
Thus, choosing &' and € small enough so that (n—1)e+28'A < NT2? (n—1)n, we will
have
(n=1M+e€) +28'\) (N + 2)2
T ..., un)l] < 1 - (.. un)l
N e —2 | )l
< n-— ——(n— uy,...,u
8 n (N+2)2 n 1 n
:”(ulr-'-)un)”-

4 Main Result

Theorem 4.1. Let f and gy satisfy (H0)-(H5) fork =1,...,n—1. Then, there existsa A >0
such that, given any A = A, there is a 6 > 0 such that, for every a,,...,a, = 0 satisfying
n

0< ) a; <3, the system (4)-(6) has at least three positive solutions.
i=1

Proof. Suppose f and gi,... g, satisfy (H0)-(H5) . Fix p* > 0. By lemma 3.1, there is a
A > 0 such that for every A = A and ay,...,a, =0,

”T(ulyyun)” = ”(ul!“wun)”) for (uly---yun) ECﬁan*.

Now, fix A = A. Lemma 3.2, lemma 3.3, and lemma 3.4 give that there is a § > 0 and
P1,P2,P3 > 0, with p; < p2 < p* < p3, such that for (ay,...,a;,) € [0,00)", satisfying 0 <
n

)" a; <8, we have
i=1

”T(ul)---y un)” = ”(ul)---’un)”’ for (uly---yun) ECﬁanl’
”T(ubrun)” = ”(ulr---run)”r for (UI,...,un) ECmangr
”T(ul)---) un)” = ”(ul’---)un)”) for (ul)---) un) €Cman3-

Therefore, by appealing to the Guo-Krasnosel’skii Fixed Point Theorem, there exist three
positive solutions, (x1,...,X,), (¥1,.--, VYn), (21,-..,25) € C of (4)-(6) such that,

p1 < I(x1, .., xp)ll <p2 <1 (y1,--, ¥yl <p™ < l(21,..., 2n) |l < p3-

Rose-Hulman Undergrad. Math. J. Volume 24, Issue 2, 2023
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