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Abstract. A triquadratic number field is a number field of degree 8 that is created
by adjoining the square roots of three rational, squarefree integers to Q. We often
denote a number field by K and its ring of integers by Og. The ring if integers is
defined to be the set of all elements of K that are zeros of a monic polynomial with
coefficients in Z. It is already well-known that the ring of integers for a quadratic field
Q(y/a) is given by all integer linear combinations of either {1, +/a} or {1, (14++/a)/2}
depending on the value of a. These sets are called an integral basis for the ring of
integers of the number field Q(y/a). The integral bases for the rings of integers for
biquadratic fields are also already known. In this paper, we determine the structure
of the ring of integers for triquadratic fields. There are five different cases, depending
on the value of the radicands modulo 4. We treat each of these five cases separately
and give an explicit form for the integral basis in each case.
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1 Introduction

We study the integral bases of a number field because we want to understand the structure
of the ring of integers better, and to have a concrete way to express these integers. The
ring of integers of a field can help describe other properties of the field as well, such as how
elements factor into irreducibles, what ideals of the ring of integers look like, and how the
Euclidean algorithm is defined for the ring. In this paper, we look for the integral bases of
a specific classification of number field: the multiquadratic number field.

A number field is a field that is a finite degree extension of the field of Q. Thus, to form
a number field, you begin with Q and “add in” some other real or complex numbers (which
must be non-transcendental!). For example, Q <\/§) is a number field, where every element
is of the form 7+ sv/2 with r, s € Q. Here, multiplication and addition behave the same way
they would on any real numbers.

One component of a number field is its ring of integers. The ring of integers for a number
field is the set of elements of the field which are zeros of a monic polynomial with integer
coefficients. For example, in Q (\/5), the element /2 is part of the ring of integers because
V2 is a zero of the monic polynomial 2% — 2.

Further, a ring of integers has an integral basis, which describes the entire ring of integers
as integer linear combinations of these basis elements. An integral basis for Q (\/5) is simply
the set {1, \/5}, so any element of the ring of integers can be written as n - 1 +m - /2 for
m,n € 7.

An n-quadratic number field, n € N, is any number field K of degree 2" over Q that is
created by adjoining the square roots of rational, squarefree integers to Q. That is, an n-
quadratic number field K has the form K = Q (v/A4;,...,v/A,,) for m > nand A;,..., A,
squarefree rational integers. If n > 1, the field is also known as a multiquadratic number
field.

Ideally, we like to define n-quadratic number fields by adjoining exactly n square roots to
Q. Notice that Q (\/5, \/5) and Q (\/5, \/§, \/6) both represent the same 2-quadratic (that
is, biquadratic) number field, but the first representation is written more concisely, and the
presence of /6 in this field can be easily obtained by multiplying v/2 and v/3. Thus, in this
paper, we will always express n-quadratic number fields by adjoining exactly n square roots
to Q.

This means that whenever we create an n-quadratic field K = Q (\/A_l R, \/A_n), we
are assuming Aj,..., A, € Z are squarefree, with the additional property that for any
I C{1,...,n}, we have that sf (Hie[ Ai) is not in the set {A;, ..., A, } whenever I contains
at least two elements. Here, the notation sf refers to the squarefree part of an integer. for
example, sf(20) = 5.

The generalization of the integral bases of rings of integers of quadratic and biquadratic
fields are well known, which are summarized here. If A =1 (mod 4), then the integral basis

of Ogya 1s {1, 1+2‘/Z}. If A=2,3 (mod 4), then the integral basis for Og 7, is {1, VA}.

The integral bases for rings of integers for the different classifications of biquadratic fields are
given by Kenneth S. Williams [2]. For a biquadratic field Q(v/A, v/B), where ged(A, B) = G,
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and A; = A/G, B, = B/G, Table 1 describes the integral bases for Og /7 /5)-

Basis Condition
{1,%(1 +VA) L1+ VB), L1+ VA+ VB + \/M)} A, B, A1, B =1 (mod 4)
{1,%(1+ﬂ),%(1+¢§),i(1—ﬁ+ VB + \/E)} A,B=1 (mod 4), A, B, = 3 (mod 4)
{1.30+VA), VB, L{(VB + VAB)} A=1 (mod 4), B =2 (mod 4)
{1LVAVB (VA + VAB)} A=2 (mod 4), B=3 (mod 4)
{1,\/Z,§(¢Z+ @),%(HM)} A,B=3 (mod 4)

Table 1: The generalization of the integral bases of all biquadradic fields

The results in this paper are summarized and extended from the work of D. Chatelain [1].
This paper aims to make explicit and simplify these results in the case of triquadratic fields,
to obtain bases that are easier to understand and apply. The integral bases of rings of integers
for triquadratic fields fall into 3 general classifications as laid out by D. Chatelain [1].

We summarize our results here:

Let A, B,C' € Z be squarefree integers not equal to 0 or 1 such that Q (\/Z, VB, \/6>
is a triquadratic field. Define

=

(14 VA+ VB + VT + /s[(AB) + V/s[(AC) + \/s[(BC) + \/s[(ABC)) .

ool =

Then, the integral bases of a triquadradic field of the form Q (\/Z, VB, \/6) can be

given as in Table 2.



PAGE 102 RHIT UNDERGRAD. MATH. J., VoL. 18, No. 1

Basis Condition
A normal integral basis given by all 8 conjugates of ~ A, B,C =1 (mod 4)
1+vVB4+/sf(AB) 14+vVB++/sf(BC) i i i
{1,@,@&2@ \ , X A=1,B=2,C=3 (mod 4)

VC+/sf(AC)+4/sf(BC) \/§+\/sf(AB)+\/sf(BC)Jr\/sf(ABC)}
2 ) 2

{1, 1’2@, 1+2/§, Iy zf(AB), VOt 5 sf(AC), VOt ¥ SSBO L p=B=1 (mod 4),C = 2,3 (mod 4)

4 Y

/5 (AB)+sf(AC)+5f (BC)+sf(ABC) 14+vVA+VB+ sf(AB)}
8

Table 2: The generalization of the integral bases of all triquadratic fields

Section 2 details our results. Each subsection outlines the generalization for a partic-
ular classification of triquadratic fields, based on the properties of its generating elements,

VA, VB, and VC.

2 Integral Bases for Triquadratic Fields

Throughout this section we will take A; = o?, A; € Z squarefree, 1 <14 < 7. Further, we will
always assume Aj, Ay, A3 = 1 (mod 4). When the context is clear, we will use the shorthand
(A;, A;) in place of ged(A;, 4;), 1 <i < 7.

We define «;, 4 < i < 7 as follows:

o — 19 o — 13
PTAL A T (A Ay
Qo3 QX3
Qg '—= 7, [ .
O (Ag, Ay) T (A A) - (As, Ay)

Since we are finding integral bases for all triquadratic fields, we need to consider different
cases, depending on the forms of the radicands. The three cases presented in the remainder
of this paper are sufficient to describe the integral bases for all triquadratic fields, because
even if a field is not in one of the prescribed forms, it can be re-written to be in one of the
forms described below.

2.1 An Integral Basis for K = Q (041, V20, \/—1043)

In this section, we give a simplified version of an integral basis for triquadratic fields that
can be written in the form K = Q (ozl, V2as, \/—1043). In the original paper by Chatelain,
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he addresses number fields of the form L = Q (041, V=203, \/—1043) separately. However, L
can be re-written to be in the same form as K, by replacing ay with ag. We prove this in
the following lemma:

Lemma 1. Let L be a triquadratic field that is written L = Q (ul, v =215, \/—1V3) with v} =

1 (mod 4), 1 <i < 3. Then there ezist ay, as,as € C such that L = Q (al, V2as, \/—10./3)
and o} =1 (mod 4) are integers, 1 < i < 3.

Proof. Define Ny := v?, Ny := v2 and N3 = v2. Define a; := vy, a3 := vz and ay := —(];VQK/?)
1,4V2
Then, since v —215 - /—1v3 = ﬂ(—yy/g), we clearly have that L = Q (al, V20, \/—1a3),
and we just need to prove that a; = 1 (mod 4) to prove the lemma.
We have that
( )2 ( —Ual/3 )2 V%Vg N2N3
(e = = — .
’ (N1, N2) ) (Nay Ng)2 (N, Ny)?

Clearly (Ng, N3) divides both Ny and N3, so No/(No, N3) and N3/(N3, N3) are both odd
integers. Further, they are congruent to each other modulo 4. Thus their product will be
congruent to 1 modulo 4, so a3 =1 (mod 4) as well. O

Proposition 1. Take a;, 1 < i < 7 to be as defined above. Let K be any triquadratic number
field that can be written in the form Q (041, V2as, \/—1043). Then an integral basis for Ok is

2 2

{1, \/5&2, \/—_1a3, % (1 -+ al) , Q (CVQ —+ CY4) s \/5 ((1/2 + \/—_10é6) ;

g<043+Oé5‘|‘\/5016>,?(a2+a4+\/__1a6+\/__1047)}-

Proof. Chatelain ( [1], Theorem 10) shows us how to find the integral basis for fields of this
form. We must first define 8 quantities, 3; for 0 <i < 7:

fo=1 pr = Bo=V2a9  Bs=120a4
By = \/—_1063 Bs = \/—_1% Be = \/—_2046 Br = \/—_2047 '

Using these beta terms, we can begin constructing the integral basis using Chatelain’s
construction. Four of the basis terms are defined directly by these beta terms, and the other
four are given by their conjugates with respect to the field Q (\/50[2, \/—_1a3). The four
explicit terms are defined as follows:

Yo = %(5@ + B1) = %(1 + ay),

"= %(52 + B3) = % (\/5042 + \/5044) )
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6

1 1
T2=g Zﬁk =35 (V—1063 +v—las + v—2a6) ’
k=4
1 1
V= Z B :Z<\/§Oé2+\/§044+\/—_2a6+\/—_2047)-
J€{2,3,6,7}

Taking the conjugates of these elements with respect to Q (\/50[2, \/—1(13), we get
1
V4= 5(1 — o),
1
V5 = B <\/§CY2 - \/§Oé4> )

(\/—_1063 —v/—las + \/—_2046) )

Y6 ‘=

N | —

<\/§Oé2 - \/5044 + \/—_2046 - \/—_2047> .

Using Chatelain’s results, ( [1], Theorem 10) {7o0,71, Y2, V3, V4, V5,76, Y7} 1S an integral
basis for O,.

We wish to simplify this basis to a more compact form; and in the remainder of this proof
we simplify the above integral basis to be the basis stated in this proposition. We begin by
adding conjugates, and replacing certain basis elements with these sums. To do this define
by; = i + Yiga and by = ;4 for 0 <4 < 3. In particular,

1 =

V7=

b6:70+’74:17

1+a1
2 )

by = =
by =71+ 75 = V2as,
b= = 5 (V0o + 30
bﬁl = \/—_1043—1— \/__20467
s (T T+ )
b =3+ 7 = % <\/§O‘2+\/__2a6> ’

1
b{7 = Y3 = Z_l <\/§Oé2 + \/5054 -+ —2066 —+ 4/ —2057) .
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For i € {0,1,2,3,5,6,7}, let b; := b, and let
by = b, — 20, + b,
=V —1043 + vV —2066 — \/5042 — —2a6 + \/5042
=V —10é3.

Then {bo, b1, ba, b, by, bs, bg, b7} is an integral basis for O, thus establishing the propo-
sition. u

Example: Let K = Q (v/—15,v/=6,V7) = Q (v—15,v2v=3,v/=1y/=T7). Then, a; =
V=15, ap = /-3, and a3 = v/—7. Using the definitions above, an integral basis for Ok is

{1,\/—_6,\/7,%<1+\/ﬁ>,%<\/—_6+\/1_0),%(\/—_6+\/—_42),
%(\/?+\/E+\/TO5>,;1<\/—_6+\/1_0+\/—_42+\/%>}.

2.2  An Integral Basis for K = Q (a1, as, as)

Here we will calculate the general integral basis for the ring of integers of triquadratic fields
of the form Q (ay, as, a3), where ()2, (a)?, and (a3)? are congruent to 1 (mod 4).

Proposition 2. Toke a;, 1 <1 < 7 to be as defined above. Let K be any triquadratic number
field that can be written in the form Q (ay, g, a3). Then an integral basis for O is

1 1 1 1 1
{1, 5(1 + 041), 5(1 + CKQ), 5(1 + 063), 1_1(1 + (6%) + Q3 + 066), 4_1(1 + (03] + Q3 + 065),

1 1
Z(1+a1+&2+a4),§(1+a1+a2+a3+a4+a5+a6+a7)}.

Proof. Theorem 9b of [1] gives us the integral basis of the field. A normal integral basis
is guaranteed for these fields. The basis elements of the normal basis are given by the
conjugates of

7

a; 1

+§ ng (14 +as+as+as+ a5+ ag+ ar)
i=1

OOI>—‘

with respect to Q. Its conjugates are:

m==-1—-a+as+as—as—as+as—ar),

ool»— OOI>—‘

Yo=z(l+o —ay+as—ag+ a5 —ag — ar),
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1

V3 = g(1+(X1+042—043+064—045—046—047)
1

742g(l—041—042+043+Oé4—045—046+047),
1

Y5 = g(1—a1+a2—a3—a4—|—a5—a6+a7)
1

Y6 = §(1+a1—ag—ag—a4—a5+a6+a7)
1

’77:g(l—Oél—ag—Oé3+Oé4+C¥5+Oé6—Oé7).

Then, {70,71, Y2, V3, V4, V5, V6, ¥7} forms a normal integral basis for Ox. We can further
simplify this basis. Define b;, 0 <1¢ < 7 as follows:

=0
1
b1:70+72+73+76:§(1+a1),
1
bz =0+ + %+ = 5(1+a),
1
b3=70+71+72+74:§(1+043)7

1
54270+71=Z(1+a2+a3+046),

1
b5:70+7221(1+a1+a3+a5),

1
4_1(1 +Oél + (6%) -+ 044),

be = + 73 =
1
by =y = g(l—l—oq+a2+a3+a4+a5+a6+a7).
Then {bg, by, by, b3, by, bs, bs, b7} forms an integral basis for O. ]

Example: Let K = Q(\/g, V13, \/—3). Then o = \/5, as = V13, and a3 = V/—3.

Using the definitions above, an integral basis for O is
{1—(1+\/_) ~(1+V5), (1+x/_) (1+\/_+\/_+¢_) (1+\/_+\/_+\/T)
L1+ VB + VIE+ VD), (1+¢—+W+W+¢——15+E+«—+m>}
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2.3 An Integral Basis for K = Q (o, a, das) for § € {v/2,/—1}

Here we will calculate the integral basis for the ring of integers of triquadratic fields of
the form Q (a1, a2, v2a3) or the form Q (v, as, v/—1as), where (a1)?, (a2)?, and (as)? are
congruent to 1 (mod 4).

Proposition 3. Take oy, 1 < 7 to be as defined above. Let K be any triquadratic number
field that can be written in the form Q (au,ag,das) for 6 € {\/2,v/—1}. Then an integral
basis for Ok 1is

1 1 1 1
{17 Z(l + Oél), Z(l + CYQ), 1(1 + Oé4>, 5(0&3 + (5055),

1 1 1
5(0&3 -+ 5&6), 1(044 + (50&5 —+ (50[6 -+ 50&7), §<1 + (05} + (0%)] + 064)} .

Proof. Theorem 11 of [1] shows us how to find an integral basis for Ok. First, we find beta
terms:

fo =1,

p1 = az,
P2 = ag,
B3 = au,
B1 = das,
Bs = das,
Bs = da,
Br = day.

To find the integral basis, we calculate vy and ~;:

! 1
70:Z£=§(1+a1+a2+a4),

7
1
’ylzzﬁ :Z(a3+5a5+5a6+5a7).

These two elements with their conjugates with respect to Q (daz) form the integral basis of
the ring of integers of fields of this form. The conjugates of these elements with respect to

Q(das) are:

Y2 = (1—061+062—Oé4),

| — 0|

V3= (1+041—042—Oé4),
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V4 ::é(l—al—a2+a4),
Vs = i (g — das + dag — dary)
Yo 1= i (g + das — dag — day)
Vr o= i (g — das — dag + dary) .

Then, {Y0,71, Y2, V3, V4, V5, V6, Y7} forms an integral basis for Ox. We can further simplify
this basis. For b;, 0 <1 < 7, let

bo =y +v+v%+7 =1,

1
by 2271—1"75:5(0434‘5046),

1
bg 2:’)/1—1-’}/6:—(063—1-(5045),

2
1

b3 2:’)/04-’)/3:1(1"‘061),
1

b4 2:")/0—|-")/2:Z(1+042),
1

b5 I:’yo—|—’y421(1+0é4),

1
be ::70:§(1+Oz1+042+044),

1
b7 ="M = Z_l ((1/3 + (50[5 + 60&6 + 5047) .
Then, {bg, by, ba, bs, by, bs, b, b7} forms an integral basis for Of. O

Example 1: Let K = Q(\/—B, v -7, \/%) = Q(\/—B, V=7, ﬂ\/ﬁ) Then, ay =
V=3, ap = /=7, a3 = v/13, and § = /2. Using the definitions above, an integral basis for
O[( is

{L%hﬁ§+vfﬁh%mﬁ§+viﬂﬁxiu+»ﬁﬁx%1+vcﬁ,

51+vﬁ)imﬂ§+¢—m+wﬂ4&+w6ﬁyéu+VC§+w?i+%ﬁﬁ.

Example 2: Let K = Q (\/—7, v —15, \/—13) =Q (\/—7, \/—15,\/—1\/1_3). Then, a; =
V=T, ap = /=15, a3 = V13, and 6 = v/—1. By the definitions above, an integral basis for
OK is
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{1,%<\/E+\/ﬁ),%<\/ﬁ+\/ﬁ),%(1+\/—_7),i(1+x/—_15),
i(1—1—\/@)&(\/1_34—\/9_1%—\/195—1—\/—1365),%<1+\/—_7+\/—_15+\/ﬁ>}.
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