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Abstract. We prove that an isoperimetric region in R2 with density er must be
convex and contain the origin, and provide numerical evidence that circles about
the origin are isoperimetric, as predicted by the Log-Convex Density Conjecture.

Acknowledgements: We thank our advisor Frank Morgan for his patience and invalu-
able input. We also thank Diana Davis, Sean Howe and Michelle Lee for their help. For his
helpful comments, we would like to thank our anonymous referee. For funding, we thank
the National Science Foundation for grants to Prof. Morgan and to the Williams Col-
lege “SMALL” Research Experience for Undergraduates, Williams College for additional
funding, and the Mathematical Association of America for supporting our trip to speak at
MathFest 2011.



RHIT Undergrad. Math. J., Vol. 16, No. 1 Page 209

1 Introduction

There has been a recent surge of interest in Riemannian manifolds with a positive “density”
function that weights volume and area (see recent works by Morgan [M1-4]). In fact, Perel-
man [P, Section 1.1] used the concept of manifolds with density in his beautiful proof of the
Poincaré conjecture (see [M4] for an intuitive explanation). Although one might choose to
weight area and perimeter differently, the case where both the area and the perimeter are
weighted by the same function is of most interest. A fundamental problem in manifolds with
density is the isoperimetric problem, which seeks to enclose given area or volume with the
least amount of perimeter. For example, it is well known that in the Euclidean plane, a circle
encloses given area with least perimeter (for a historical treatment, see [B]). Due to its many
applications in probability theory and in Perelman’s proof of the Poincaré conjecture, one of
the most important examples is Rn with Gaussian density e−r

2
. In 1975, C. Borell [B1] and

V.N. Sudakov and B.S. Tsirel’son [ST] proved that half-spaces are perimeter minimizing for
the Gaussian density. On the other hand, in Rn with density e+r

2
, C. Borell ([B2], see [Ro,

Introduction and Theorem 5.2]) proved that balls about the origin are perimeter minimizing.
Rosales et al. gave a conjecture on when balls about the origin are isoperimetric:

Log-Convex Density Conjecture 1.1. [Ro, Conjecture 3.12] Consider Rn with a smooth
radial density. If the log of the density is convex, then balls about the origin provide isoperi-
metric regions of any given volume.

The borderline case of density er, whose log is linear and hence just barely convex, is a
pivotal case and the subject of the following study. Although we are not able to prove that
the isoperimetric solution is a circle about the origin, we obtain the following partial result:

Theorem 3.19. In the plane with density er, an isoperimetric region is convex and contains
the origin in its interior.

The proof uses symmetrization, the Four-Vertex Theorem, and the equation for geodesic
curvature.

We conclude Section 3 with some numerical analysis. Relative to a given density eψ

there is a generalization of curvature κψ. Just as classically an isoperimetric curve (circle)
has constant curvature, in the presence of a density an isoperimetric curve has constant
generalized curvature. Corollary 3.23 provides a simple differential equation for curves r(θ)
of constant generalized curvature κψ:

dr

dθ
= ∓r

√(
r

κψ(r − 1− e−rC)2

)
− 1

for some constant C ≥ (1−κψ)e1/(κψ−1)/κψ. Given κψ, C, and initial position r(0), there are
two solutions to the differential equation: a nondegenerate solution that looks like one of the
curves in Figures 1 and 2, and a degenerate solution that corresponds to a circle about the
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Figure 1: Curve with r′(θ) < 0 (κψ = 1.2,
C = −2)

Figure 2: Curve with r′(θ) > 0 (κψ = 1.2,
C = −2)

Figure 3: Curve with r′(θ) = 0 (κψ = 1.2, C = −2)

origin that does not have constant generalized curvature κψ (Figure 3). When C reaches its
minimum, the nondegenerate solution coincides with the degenerate solution and gives the
unique constant generalized curvature curve, which is precisely a circle about the origin. To
show that discs about the origin are isoperimetric, it suffices to show that a nondegenerate
solution is not symmetric with respect to the line through the origin and a maximum point
of r when C is strictly greater than its minimum, and therefore cannot be isoperimetric
(Proposition 2.5). Thus the only remaining candidate for an isoperimetric curve is a circle
about the origin, as desired.

The structure of the paper is as follows:

Section 2 provides basic definitions and known results. Section 3 begins with a regularity
result at the origin where the density er fails to be smooth. Corollary 3.15 provides an
equation for the classical geodesic curvature κ0 of an isoperimetric curve in terms of r and
the constant generalized geodesic curvature κψ (geodesic curvature relative to the density
function eψ). Using symmetrization, the Four-Vertex Theorem, and the equation for geodesic
curvature we prove our main result, Theorem 3.19. The rest of the section provides numerical
evidence for the conjecture that circles about the origin are isoperimetric.
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2 Background

In this section we introduce some basic definitions and known theorems that will prove
crucial to the rest of the paper.

Definition 2.1. A density is a positive continuous function that weights both volume and
perimeter. For a planar region R with piecewise smooth boundary ∂R, the weighted area is
given by

∫
R
erdA0 and the weighted perimeter is given by

∫
∂R
erdP0, where dP0 and dA0 are

elements of Euclidean perimeter and area. For the rest of this paper, we will omit the word
“weighted” and refer to weighted area and weighted perimeter as area and perimeter. An
isoperimetric region, if it exists, is a region of least perimeter for given area. An isoperimetric
curve is the boundary of an isoperimetric region. In R2 with density eψ the generalized
curvature of a curve is defined as κψ = κ0 − ∂ψ/∂n, where κ0 is the classical geodesic
curvature and n is the unit vector normal to the curve pointing towards the interior of the
(closed) curve. Throughout the paper, we write “smooth” for the class C2.

Proposition 2.2. [Ro, Theorem 2.6] Consider the plane endowed with a non-decreasing
radial density f(r) such that f(r)→∞ as r →∞. Then isoperimetric regions exist for all
given areas.

Corollary 2.3. In R2 with density er, isoperimetric regions exist for all given areas.

Proposition 2.4. [C, Proposition 3.4] An isoperimetric curve in the plane with density eψ

has constant generalized curvature κψ.

Proposition 2.5. [Da, Lemma 2.1] In R2 with smooth radial density eψ(r) except perhaps at
the origin, a constant-generalized-curvature curve is symmetric under reflection across every
line that passes through the origin and through a critical point of r.

Proposition 2.6. [Da, Proposition 2.5] A (connected) constant-generalized-curvature curve
in a planar domain with smooth radial density has finitely many critical points of r unless it
is a circle about the origin.

The following beautiful theorem in classical differential geometry was proved by Kneser
in 1912:

Proposition 2.7. [O, Four-Vertex Theorem] For a simple, closed, smooth curve, the curva-
ture function κ has at least four extrema.

For a treatment of the Four-Vertex Theorem see [O].

3 The Plane with Density er

In this section, we prove that an isoperimetric region in the plane with density er is convex
and contains the origin in its interior (Theorem 3.19). We conclude with some numerical
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evidence that it must be a disc about the origin. (For earlier numerical evidence, see Li et
al. [L] Proposition 6.8; Kolesnikov et al. [KZ] Section 5 does similar analysis for R2 with
density e−r

α
, α ≥ 1).

Proposition 3.1. [M5, Corollary 3.7, Section 3.10] For n < 7, an isoperimetric hypersurface
in a C3 n-dimensional Riemannian manifold with a smooth density is smooth.

Proposition 3.2. In R2 with centrally symmetric density eψ that is smooth with |∇ψ|
bounded except possibly at the origin, an isoperimetric curve is smooth.

Proof. Where the density is smooth, the curve is smooth by Proposition 3.1 . Suppose there
is an isoperimetric curve that passes through the origin O that is not smooth at O. Since
|∇ψ| is bounded, the curve has bounded classical curvature as it approaches O and hence
a limiting tangent exists on each side. If the tangents are the same on both sides, then the
curve is C1. Since an isoperimetric curve has constant generalized curvature (Proposition
2.4) and the density is centrally symmetric, the curve approaches O with the same classical
curvature on both sides. Hence it is C2 at the origin. If the tangents do not coincide, then
they form an angle θ 6= π. For sufficiently small ε > 0, let X, Y be two points on the curve
with (classical) distance ε from O. Then the angle ∠XOY → θ as ε→ 0. Moreover, the line
segment XY has length 2ε sin(θ/2) and the area of the triangle XOY is ε2 sin(θ/2) cos(θ/2).
Hence if we replace XO and Y O with the line segment XY , ∆P = 2ε(sin(θ/2) − 1) and
∆A = ±ε2 sin(θ/2) cos(θ/2). Since θ 6= π, |∆P/∆A| → ∞ as ε→ 0.

Since density is continuous by definition, ψ is bounded in a neighborhood U of the origin.
Take ε small enough so that the triangle XOY lies in U . There exists ψmin and ψmax such
that ψmax ≥ ψ(x) ≥ ψmin for all x in U . Hence,∣∣∣∣∆Pψ∆Aψ

∣∣∣∣ ≥ ∣∣∣∣∆P∆A

∣∣∣∣ eψmineψmax
≥
∣∣∣∣∆P∆A

∣∣∣∣ eψmin−ψmax →∞ as ε→ 0.

Therefore dPψ/dAψ = +∞. Since at smooth points of the curve dPψ/dAψ is finite (the
generalized curvature), eliminating a bit of area at the origin and replacing it elsewhere
would reduce perimeter, a contradiction.

Corollary 3.3. In R2 with density er, an isoperimetric curve is smooth.

Proposition 3.4. [MP, Theorem 3.3] Let f be a density in Rn which is radially non-
decreasing. Then the isoperimetric function P = P (A) is non-decreasing. Moreover, if
isoperimetric sets exist for all volumes, then the isoperimetric function is strictly increasing.

Proposition 3.5. [MP, Proposition 4.1] An isoperimetric region in R2 with nondecreasing
density Ψ(r) must be bounded.

Proposition 3.6. In R2 with a radially non-decreasing density eψ that is smooth with |∇ψ|
bounded (except possibly at a discrete set of points), each component of an isoperimetric
region is a topological disc.
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Figure 4: Reducing perimeter and leaving area unchanged.

Proof. Suppose there is a component of an isoperimetric region that is not a topological disc.
Since the boundary is smooth by Proposition 3.2 and is bounded by Proposition 3.5, the only
possibility is that the region has holes inside. In that case, one can fill in the holes, increasing
the area and decreasing the perimeter, contradicting the fact that the isoperimetric function
is strictly increasing (Proposition 3.4).

The next definition establishes spherical symmetrization of a region E. It is most easily
visualized as taking a circular annulus of thickness dr, where the intersection of the annulus
and the region E is weighted equally. By sliding parts of the region along this annulus, we
can make the region E∗ symmetric about an axis. For this paper, we choose to symmetrize
about the positive x-axis. During this operation, the area of the region E remains the same
while the perimeter either decreases or remains the same.

Definition 3.7. Let S(ρ) be the sphere about the origin with radius ρ. Given a radial
density, a set E ⊆ Rn and any ρ > 0, define AE(ρ) to be the area of the section E ∩ S(ρ)
relative to the density. The spherical symmetrization of E is the set E∗ ⊆ Rn such that
AE∗ = AE and such that E∗ ∩ S(ρ) is a spherical cap centered at (ρ, 0, · · · , 0).

Proposition 3.8. In Rn with radial density the spherical symmetrization E∗ of an open set
E satisfies

|E∗| = |E|, P (E∗) ≤ P (E).

If P (E∗) = P (E) and the boundary of each component of E is smooth, connected, and
nontangential at almost all points, then the components of E∗ are pairwise congruent to the
components of E.

Remark. The region after spherical symmetrization is symmetric with respect to the x-axis.

Proof. Let E be a set of finite volume and finite perimeter. Then

|E| =
∫ ∞
r=0

f(r)AE(r)dr,
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Figure 5: If the boundary of E is partly tangential, then the symmetrization E∗ of a region
E need not be congruent to E, even though they have the same perimeter.

Therefore, |E| = |E∗| since by definition AE∗ ≡ AE.
Regarding the inequality for the perimeter, it is known that spherical caps are the

(unique) isoperimetric sets on spheres. Therefore, the inequality P (E∗) ≤ P (E) follows
by integrating the radial variable and by using Jensen’s inequality, as done in [FMP, Lemma
3.3].

If P (E∗) = P (E), then each slice E∩S(r) must be empty, the whole sphere, or a spherical
cap centered at some θ(r) in Sn−1. In particular, the symmetrization of each component of E
is just a component of E∗. Since the boundary of each component is connected, if the slice is
empty, it remains empty for all larger r; if it is the whole sphere, it remains the whole sphere
for all smaller r. Since P (E∗) = P (E) and the boundary is nontangential, for the spherical
caps, θ must be constant, so each component of E∗ is just a rotation of a component of E.

Remark. The necessity of requiring nontangential boundary is illustrated by Figure 5.

Corollary 3.9. In the plane with smooth (except perhaps at a discrete set of points) radially
nondecreasing density eψ with |∇ψ| bounded, each component of an isoperimetric region is
congruent to its spherical symmetrization.

Proof. To apply Proposition 3.8, first note that the boundary is smooth (Proposition 3.1).
Second, notice that each component of the region is a topological disc by Proposition 3.6, so
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its boundary is connected. Third suppose that the boundary is tangential at infinitely many
points. By Proposition 2.6, the boundary is a circle about the origin, and the result holds
trivially. Therefore the boundary of each component is smooth, connected, and nontangential
except for finitely many points, and by Proposition 3.8, each component is congruent to its
spherical symmetrization.

The density er turns out to be an especially nice density, as |∇ψ| ≤ 1 (Lemma 3.10). It
follows that the generalized curvature κψ is greater than 1 (Lemma 3.13).

Lemma 3.10. In R2 with density eψ where ψ = r, |∇ψ| ≤ 1.

Proof. Note that |∇ψ| = |r̂| ≤ 1.

Lemma 3.11. For ψ = r, at a local maximum point of r on the boundary of a component
of an isoperimetric region, ∂ψ

∂n
= −1, where n points towards the interior of the component.

Proof. At a local maximum point of r, r̂= −n, and therefore ∂ψ/∂n = r̂ · n = −1.

Proposition 3.12. In R2 with density er each component of an isoperimetric region is
convex.

Proof. Given a component of an isoperimetric region, let z be the point on the boundary
of the component farthest from the origin. Since ∂ψ/∂n(z) = −1 (Lemma 3.11), κψ =
κ0 − ∂ψ/∂n is constant on the curve, |∇ψ| ≤ 1 (Lemma 3.10), and the curve is smooth
(Corollary 3.3), κ0 attains its minimum at z. Notice that at z, κ0(z) ≥ 1/|z| > 0, so it must
be positive everywhere. This proves that the curve must be convex. Since the component is
a topological disc by Proposition 3.6, the component is convex.

Lemma 3.13. In R2 with density er, κψ > 1 along the boundary of an isoperimetric region.

Proof. By Proposition 3.5, the region is bounded and has a point p with maximum distance
R from the origin. Since the region is contained in the disc about the origin of radius R, the
classical curvature of the boundary at p satisfies

κ0 ≥
1

R
> 0.

Therefore by Lemma 3.11,

κψ = κ0 −
∂ψ

∂n
= κ0 + 1 > 1.

Since κψ is constant along the boundary of an isoperimetric region by Proposition 2.4,
κψ > 1.

In the proof of Lemma 3.14, we derive a differential equation of the angle ϕ of the curve
from the tangential direction. Using its solution, we find a relation between ∂ψ/∂n and r.
Corollary 3.15 states an equation for the classical curvature of an isoperimetric curve.
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Lemma 3.14. In R2 with density er, on curves with constant generalized curvature κψ, for
r > 0,

∂ψ

∂n
= −κψ

r
(r − 1− e−rC),

where C is a real constant.

Proof. Let α be the angle with the horizontal, ϕ be the angle of the curve from the tangential
direction (Figure 6) and κ0 be the classical curvature. Then

dα

ds
= κ0 = κψ +

∂ψ

∂n
= κψ − cosϕ.

Since ϕ = α− θ − π/2,

dϕ

ds
=
dα

ds
− dθ

ds
= κψ − cosϕ− cosϕ

r
.

Since dr/ds = − sinϕ,
dϕ

dr
= −κψ cscϕ+ (1 +

1

r
) cotϕ.

Substitute h = cosϕ:
dh

dr
= κψ −

(
1 +

1

r

)
h.

The solution to this differential equation is:

cosϕ = h =
κψ
r

(r − 1− e−rC),

where C is a constant that depends on initial conditions. Thus

∂ψ

∂n
= − cosϕ = −κψ

r
(r − 1− e−rC).

Corollary 3.15. On curves with constant generalized curvature κψ, for r > 0,

κ0 = κψ

(
1 + e−rC

r

)
.

Proof. By Lemma 3.14,

κ0 = κψ +
∂ψ

∂n
= κψ

(
1 + e−rC

r

)
.
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Figure 6: ϕ is the angle of the curve from the tangential direction.

So far, we have produced an equation that governs the classical curvature of an isoperi-
metric curve. Theorem 3.19, our main result, shows that an isoperimetric region contains
the origin in its interior and is convex. The proof follows from Propositions 3.16 and 3.18.
Proposition 3.16 shows that the distance of a component of an isoperimetric curve from
the origin has just two local extrema unless it is a circle about the origin. Moreover, by
Proposition 3.18, if a component of an isoperimetric region does not contain the origin, then
the classical curvature is decreasing from the closest point of the curve to the origin to the
farthest point, contradicting the Four-Vertex Theorem.

Proposition 3.16. In R2 with density er, the distance r from the origin, restricted to the
boundary of a component of an isoperimetric region, has a unique local maximum and a
unique local minimum unless that boundary of the component is a circle about the origin.

Proof. Without loss of generality, assume that the given isoperimetric region is spherically
symmetrized with respect to the positive x-axis (Corollary 3.9).

Let xmin and xmax be the minimum and maximum of x on the boundary of a compo-
nent of the region (Figure 7). Define r : R2 → R as the distance of a point in R2 from
the origin and R : [xmin, xmax] → R as the distance from the origin to the point on the
component’s boundary with x-coordinate x0 for x0 ∈ [xmin, xmax]. Note that R(x0) = |x0|
for x0 = xmin, xmax. Due to convexity (Proposition 3.12), for x0 ∈ (xmin, xmax), there are at
most two points with x-coordinate x0. They are symmetric with respect to the x-axis, and
thus have the same distance from the origin. Therefore R is a well-defined function. Since
the boundary is smooth (Corollary 3.3), R is a continuous function except possibly at the
end points. Furthermore, x increases along the boundary of the isoperimetric region from
xmin to xmax. Therefore, it suffices to prove that R is an increasing function of x unless the
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component is a disc about the origin.

Figure 7: The boundary of a component of an isoperimetric region has a unique local min-
inum and a unique local maximum of the distance from the origin, unless it is a circle about
the origin.

Choose two arbitrary values x1, x2 such that xmin ≤ x1 < x2 ≤ xmax, it suffices to prove
that R(x1) ≤ R(x2). Construct lines x = x1 and x = x2. Let A1 be the point of intersection
between the line x = x1 and the boundary of the region. Similarly define the point A2. Then
r(A1) = R(x1), r(A2) = R(x2). Consider the arc S centered at the origin from the point A1

to point (R(x1), 0). By the definition of spherical symmetrization, the arc S is part of the
region.
Case 1: S intersects the line x = x2.
Let B be the intersection of S and the line x = x2 (with positive y-coordinate), then
r(B) = R(x1). Note that since A2 is on the boundary of the component while B is in the
interior, by convexity, the y-coordinate of B is not greater than that of A2. Since they are
on the same vertical line, the distance from origin to B is not greater than that to A2, i.e.

R(x1) = r(B) ≤ r(A2) = R(x2).

Case 2: S does not intersect the line x = x2.
Then

R(x1) ≤ r(A2) = R(x2).

In both cases we have R(x1) ≤ R(x2) given x1 < x2. Therefore R is a non-decreasing
function of x.

If R is not an increasing function of x, then there exists x1, x2 such that x1 < x2 and
R(x1) = R(x2). Since R is non-decreasing and continuous in the open interval (xmin, xmax),
R(x) = R(x1) = R(x2) for all x1 ≤ x ≤ x2. Thus all the boundary points with x-coordinate
between x1 and x2 are critical points. By Proposition 2.6, the given component of the
isoperimetric region is a disc about the origin.
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Lemma 3.17. In R2 with density er, if a component of an isoperimetric region does not
contain the origin in its interior, then

C ≥ −1,

where C is the constant in Lemma 3.14.

Proof. Let a, b denote the minimum and maximum of r of the given component of an
isoperimetric region. By Lemma 3.14,

∂ψ

∂n
= −κψ

r
(r − 1− e−rC)

holds at every point on the boundary of the component for r > 0.

Case 1: The component contains the origin in its boundary.
Assume that C < −1. Since the function r is continuous on the boundary and r = 0 at
the origin, we can choose a point on the boundary such that its distance from the origin rε
satisfies 0 < rε < ln(−C), i.e. −1− erεC ≥ 0. Then at this point,

∂ψ

∂n
= −κψ

r
(r − 1− e−rC) ≤ −κψ

r
(r) < −1,

which contradicts Lemma 3.10. Therefore C ≥ −1.

Case 2: The component does not contain the origin.
By Lemma 3.11,

∂ψ

∂n

∣∣∣∣
r=b

= −1.

Since the component does not contain the origin, at the minimum point of r on its boundary,
the distance from the origin is strictly greater than 0, and the radial vector is in the same
direction as the normal vector (towards the interior of the component), thus

∂ψ

∂n

∣∣∣∣
r=a

= 1.

Adding the last two equations yields that

−κψ
a

(a− 1− e−aC)− κψ
b

(b− 1− e−bC) = 0.

After simplification,
− (a+ b) + 2ab− C(be−a + ae−b) = 0. (1)

Define f(C) = −(a+ b) + 2ab− C(be−a + ae−b). Notice that

f(−1) = −(a+ b) + 2ab+ (ae−b + be−a) = a(e−b + b− 1) + b(e−a + a− 1) > 0,

f ′(C) = −(ae−b + be−a) < 0.

Thus for C ≤ −1, f(C) > 0, a contradiction of (1).
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Proposition 3.18. In R2 with density er, if a component of an isoperimetric region does
not contain the origin in its interior, then the classical curvature κ0 is decreasing along its
boundary from the minimum point of r to the maximum point of r.

Proof. Without loss of generality, assume that the given component of an isoperimetric
region is symmetrized with respect to the positive x-axis (Corollary 3.9). By Proposition
3.16, it suffices to show that the classical curvature κ0 is a decreasing function of r.

Since κ0 = κψ+∂ψ/∂n, where κψ is a constant throughout the whole boundary, it suffices
to prove that ∂ψ/∂n is a decreasing function of r.

By Lemma 3.14,
∂ψ

∂n
= −κψ

r
(r − 1− e−rC).

Now

d

dr

∂ψ

∂n
=

d

dr

(
−κψ
r

(r − 1− e−rC)
)

= −κψ
r2

(1 + (r + 1)e−rC) ≤ −κψ
r2

(1− (r + 1)e−r).

In the last inequality, we have used the fact that C ≥ −1 by Lemma 3.17. Notice that the
last expression is negative since by a Taylor expansion er ≥ 1 + r and κψ > 1 by Lemma
3.13. As a result, ∂ψ/∂n is a decreasing function of r, as desired.

Now we present our main result:

Theorem 3.19. An isoperimetric region in R2 with density er contains the origin in its
interior and is convex.

Proof. Suppose that some component of an isoperimetric region does not contain the origin
in its interior. Recall that each component of an isoperimetric region is a topological disc by
Proposition 3.6. By Proposition 3.18, the classical curvature along the boundary increases
from the unique minimum point of r to the unique maximum point of r. Thus there are
only two extrema of κ0 on the boundary. However, since an isoperimetric curve is smooth
by Proposition 3.2, this contradicts the Four-Vertex Theorem [O], which states that there
are at least four extrema of curvature on a smooth Jordan curve. Thus the components
of an isoperimetric region must contain the origin in their interior. Notice that since each
component is a topological disc, at most one component can contain the origin, and thus
the region is connected. Therefore since there is only one component the region is convex
by Proposition 3.12.

Having established that an isoperimetric region contains the origin in its interior and is
convex, we still find it difficult to prove that it is a disc about the origin. The rest of this
section develops some relevant tools and provides numerical evidence.

Proposition 3.20. A circle in the plane with density er has constant generalized curvature
if and only if its center is at the origin.
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Proof. Consider a circle on the plane with radius R. By rotational symmetry, we can suitably
choose a Cartesian coordinate system such that the center is on the nonnegative x -axis. Let
d be the distance between the center and the origin; then the coordinate of the center is (d, 0).

Recall that

κψ = κ0 −
∂ψ

∂n
.

Since for a circle κ0 remains constant, we need only to show that ∂ψ/∂n is not constant.
Evaluate ∂ψ/∂n at two points on the circle (d+R, 0) and (d,R):

∂ψ

∂n

∣∣∣∣
(d+R,0)

=
∂ψ

∂x
= 1,

∂ψ

∂n

∣∣∣∣
(d,R)

=
∂ψ

∂y
=

R√
d2 +R2

.

These two values are equal if and only if d2 = 0, i.e. d = 0. Thus a circle has constant
generalized curvature if and only if its center is at the origin.

Corollary 3.22 derives a differential equation for r(θ), the polar equation describing an
isoperimetric curve. The differential equation is not solvable by analytic methods: in fact, it
is not Lipschitz continuous, as shown in Proposition 3.25. Lemma 3.21 sets up a lower bound
on the constant of integration C; if equality holds for this bound, then the only solution to
the differential equation is a circle about the origin (Proposition 3.26).

Lemma 3.21. In R2 with density er, an isoperimetric curve with constant generalized cur-
vature κψ satisfies

C ≥ 1− κψ
κψ

e1/(κψ−1),

where C is the constant in Lemma 3.14.

Proof. If C ≥ −1,

1− κψ
κψ

e1/(κψ−1) =
−e1/(κψ−1)

1 + 1/(κψ − 1)
<
−e0

1 + 0
= −1 ≤ C,

because 1/(κψ − 1) > 0 by Lemma 3.13 and −er/(1 + r) is a decreasing function of r.
If C < −1, consider a critical point of

∂ψ

∂n
= −κψ

r
(r − 1− e−rC)

as a function of r:

0 =
d

dr

∂ψ

∂n
=

d

dr

(
−κψ
r

(r − 1− e−rC)
)

= −κψ
r2

(1 + (r + 1)e−rC).
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Thus the only critical point is at r = r0, where r0 is the only root of

C =
−er

1 + r

for C < −1. Note that at r = r0,

d2

dr2
∂ψ

∂n

∣∣∣∣
r=r0

=
κψ
r30

(2 + C(r20 + 2r0 + 2)e−r0) = − κψ
r0(1 + r0)

< 0.

Thus the critical point is always a maximum point.
Recall from Lemma 3.11 that a local maximum point of r on an isoperimetric curve

satisfies
∂ψ

∂n
= −1.

Therefore
∂ψ

∂n

∣∣∣∣
r=r0

= −κψ
r0

(r0 − 1− e−r0C) ≥ −1,

which yields

r0 ≤
1

κψ − 1
.

Since the function −er/(1 + r) is strictly decreasing,

C =
−er0

1 + r0
≥ −e1/(κψ−1)

1 + 1/(κψ − 1)
=

1− κψ
κψ

e1/(κψ−1).

Proposition 3.22. In polar coordinates, a point (r, θ) on a smooth curve satisfies

dr

dθ
= −r tanϕ

where ϕ is the angle of the curve from the tangential direction.

Proof. At the point (r, θ), consider the infinitesimal right-angled triangle with two sides dr,
rdθ and hypotenuse ds. The angle between ds and rdθ is −ϕ, thus we have

− tanϕ =
1

r

dr

dθ
.

The result follows.

Corollary 3.23. In R2 with density er, smooth curves with constant generalized curvature
κψ satisfy

dr

dθ
= −(sgnϕ)r

√(
r

κψ(r − 1− e−rC)

)2

− 1,

where C is the constant in Lemma 3.14 and ϕ is the angle of the curve from the tangential
direction, with sgnϕ = 1 for ϕ ≥ 0 and sgnϕ = −1 for ϕ < 0.
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Proof. By Proposition 3.22,
dr

dθ
= −r tanϕ.

On smooth curves with constant generalized curvature κψ, by Lemma 3.14,

dr

dθ
= −r tanϕ = −(sgnϕ)r

√
1

cos2 ϕ
− 1 = −(sgnϕ)r

√(
r

κψ(r − 1− e−rC)

)2

− 1

since

tanϕ = (sgnϕ)

√
1

cos2 ϕ
− 1.

To better understand the solution to the isoperimetric problem, we analyze numerically
what the isoperimetric curve looks like based on the differential equation from Corollary
3.23:

dr

dθ
= −(sgnϕ)r

√(
r

κψ(r − 1− e−rC)

)2

− 1 r(0) = r0, (2)

where r0 is a place where dr/dθ = 0, i.e. r0 is a root of the equation

cosϕ =
κψ
r

(r − 1− e−rC) = 1.

Lemma 3.24. Given a real constant κψ > 1, the equation

κψ
r

(r − 1− e−rC) = 1

has one positive root if C ≥ −1 and two positive roots if −1 > C ≥ (1− κψ)e1/(κψ−1)/κψ. In
particular, for C = (1− κψ)e1/(κψ−1)/κψ, the roots are degenerate.

Proof. Let f(r) = κψ(r − 1− e−rC)/r, r > 0.
If C ≥ −1, then

df

dr
=
κψ
r2

(1 + (r + 1)e−rC) > 0.

Thus f(r) is a strictly increasing differentiable function in the domain (0,∞), and f(r) = 0
has at most one root. Since f(r)→ −∞ as r → 0, and f(r)→ κψ > 1 as r →∞, f(r) = 1
for some r > 0 by the intermediate value theorem.

If −1 > C ≥ (1− κψ)e1/(κψ−1)/κψ, then critical points of f(r) satisfy

df

dr
=
κψ
r2

(1 + (r + 1)e−rC) = 0,
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i.e. C = −er/(r+ 1). The function −er/(r+ 1) is decreasing for r ≥ 0, and equals −1 when
r = 0. Therefore, for each C < −1, there is a unique positive number r∗ satisfying

C =
−er∗
r∗ + 1

.

Thus f has exactly one critical point r∗. Since f ′′(r) is always positive, r∗ is a minimum
point of f .

The value at the minimum point is κψr∗/(r∗ + 1). Notice

−er∗
r∗ + 1

= C ≥ 1− κψ
κψ

e1/(κψ−1) =
−e1/(κψ−1)

1/(κψ − 1) + 1
.

Since −er/(r + 1) is a decreasing function for r ≥ 0, we get

r∗ ≤
1

κψ − 1
.

Hence
r∗

r∗ + 1
κψ ≤ 1.

Thus we have

f(r)→∞ as r → 0, f(r)→ κψ > 1 as r →∞, and f(r∗) =
r∗

r∗ + 1
κψ ≤ 1,

and also

f ′(r) < 0 for r < r∗, f ′(r) > 0 for r > r∗.

It follows by the intermediate value theorem that the equation f(r) = 1 has two roots r1, r2
such that 0 < r1 ≤ r∗ ≤ r2. The two roots r1 and r2 coincide if and only if

C =
1− κψ
κψ

e1/(κψ−1).

Lemma 3.25. The right hand side

r

√(
r

κψ(r − 1− e−rC)

)2

− 1

of the differential equation (2) is not Lipschitz continuous at r = r0 for C < −1, where r0 is
a root of the equation

cosϕ =
κψ
r

(r − 1− e−rC) = 1.
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Proof. This function is differentiable at r = r0, therefore it suffices to show that its first
derivative is unbounded.

d

dr

r
√(

r

κψ(r − 1− e−rC)

)2

− 1


=

√(
r

κψ(r − 1− e−rC)

)2

− 1− r2(1 + Ce−r(1 + r))

κ2ψ(r − 1− e−rC)3
√

(r/(κψ(r − 1− e−rC))2)− 1
.

Since κψ(r0− 1− e−r0C)/r0 = 1, the first term is 0 and the denominator of the second term
is also 0, while the numerator is negative for C < −1. Thus this derivative is unbounded at
r = r0. The result follows.

As a result, uniqueness of the differential equation is not guaranteed. For C < −1, when
r0 is taken to be the greater root, the curve is either a circle about the origin or a curve that
does not close up, as shown in Figure 1. When r0 is taken to be the smaller root, the curve
is again either a circle about the origin or a curve that does not close up, as shown in Figure
2.

The curves in Figure 1 and 2 correspond to a nondegenerate solution to the ODE. There
is also a degenerate solution r(θ) = r0 for any given parameters κψ and C, which describes
a circle about the origin (Figure 3). This circle does not have the generalized curvature κψ,
as specified in the differential equation. Indeed, for a nondegenerate solution of the ODE,
the curvature at the initial point is given by

κ0 = κψ +
∂ψ

∂n
= κψ − 1,

which is a constant given a fixed κψ. As a result, the differential equation has a unique
nondegenerate solution, which corresponds to a unique constant-generalized-curvature curve
given κψ and C. The numerical evidence shows that when C reaches its minimum, this non-
degenerate solution coincides with the degenerate solution, and gives the unique constant-
generalized-curvature curve, which is precisely a circle about the origin.

Furthermore, consider the angle α that the isoperimetric curve r(θ) makes with the
horizontal at r(π) (Figure 8). If α = π/2, the curve will be a circle about the origin. If
α 6= π/2, then because the curve must be symmetric about the x-axis, the curve would not
be smooth at the point of intersection with the x−axis, contradicting Corollary 3.3.

Considering the angle α as a function of r0, the plots that come from the numerical
solution indicate that α = π/2 (i.e. the curve is a circle about the origin) for a particular
value of r0 coinciding with there being a unique root to the equation κψ(r−1−e−rC)/r = 1.
That is, the isoperimetric curve is a circle when C = (1 − κψ)e1/(κψ−1)/κψ by Lemma 3.24.
A rigorous proof of this behavior of the angle α would prove that discs about the origin are
isoperimetric:
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Figure 8: When α 6= π/2, the boundary of the region is not smooth at r(π).

Proposition 3.26. In R2 with density er, discs about the origin are isoperimetric if the
following statement holds:

If an isoperimetric curve r(θ) is perpendicular to the horizontal at r(π), then

C =
1− κψ
κψ

e1/(κψ−1),

where C is the constant in Lemma 3.14.

Proof. Let α be the angle that an isoperimetric curve r(θ) makes with the horizontal at r(π).
Since dr/dθ = 0 at r(0) = r0, it is a critical point of r. By Proposition 2.5, an isoperimetric
region is symmetric with respect to the line through the origin and r(0), i.e. the x-axis.
Therefore the region is also symmetric at r(π). If α 6= π/2, the boundary of the region is not
smooth at r(π), contradicting Proposition 3.2 (Figure 8). Thus α = π/2 at r(π). Assume
the given statement holds, then

C =
1− κψ
κψ

e1/(κψ−1).

At this value of C,

r0 =
1

κψ − 1

is the only solution of the equation

κψ
r

(r − 1− e−rC) = 1.

The function

r(θ) =
1

κψ − 1

is the unique solution to the differential equation (2) that has classical curvature

κ0 = κψ +
∂ψ

∂n
= κψ − 1

at r(0) = r0. Therefore, it corresponds to the unique isoperimetric curve with constant
generalized curvature κψ, which is a circle about the origin with radius 1/(κψ − 1).
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Amer. Math. Monthly 116 (2009), 134-142.

[M5] Frank Morgan, Regularity of isoperimetric hypersurfaces in Riemannian manifolds.
Trans. Amer. Math. Soc. 355 (2003), 5041-5052.

[MP] Frank Morgan, Aldo Pratelli, Existence of isoperimetric regions in Rn with density.
Ann. Global Anal. Geom. 43 (2013), 331-365.



Page 228 RHIT Undergrad. Math. J., Vol. 16, No. 1

[O] Robert Osserman, The four-or-more vertex theorem. Amer. Math. Monthly 92 (1985),
332-337.

[P] G. Perelman, The entropy formula for the Ricci flow and its geometric application (2002),
available at http://arxiv.org/abs/math/0211159

[Ro] Cesar Rosales, Antonio Cañete, Vincent Bayle, Frank Morgan, On the isoperimetric
problem in Euclidean space with density. Calc. Var. Partial Differential Equations 31
(2008), 27-46. Available at http://dx.doi.org/10.1007/s00526-007-0104-y

[ST] V. N. Sudakov, B. S. Tsirel’son, Extremal properties of half-spaces for spherically
invariant measures. J. Soviet Math. (1978), 9-18.


	Are circles isoperimetric in the plane with density 𝑒ʳ?
	Recommended Citation

	Introduction
	Background
	The Plane with Density er

