Figure 4.14: The measurement of ¢p; and ¢,, which has an orthographic
projection from the ¢p; measurement

The equation for the matrix D is expressed in Equation 4.7.

D(¢q, ¢,) = [dy d; ds] @.7)

Where

0
d, = —cosd)ll
sing;
0
d; = sincbl]
cosd,

Finally, the moving coordinate system at E can be described by an orthogonal 3x3

matrix, E. The unit vector coordinate system is shown in Figure 4.15. The unit vector,

39



Figure 4.16: The measurement of 8, and 6,4, which has an orthographic
projection from the 8; measurement

The equation for the matrix E is expressed in Equation 4.8.

E(01,0,) = [e; e; e3] (4.8)

Where

0
e, = {—cosell

sinB;

0
e3 = |:Sin91]

cos0,
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The process to find the P1 and P> dimensions that will create a desired orientation of
the parallel manipulator begins with looking at the three loops created by the legs. The
three loops can be described by vectors to and from different points located at the joints
and corners of the mechanism. The three loops created by the legs can be defined as
loops BEFC, ADFC, and ABED using the reference Figure 4.7. From these points, vector
loop equations can be formed. Two of these loops are independent and can form loop
closure equations that can be used to develop a system of scalar equations that can be

used to analyze the position of the manipulator and solve the inverse kinematics problem.

5.2 Forming the loop closure equations

The kinematic analysis to find the input positions begins with choosing a set of loop
closure equations to analyze. Figure 5.2 highlights one loop closure equation, BEFC.

BEFC is made up of one of the PUU legs and the RS leg.

Solar Panel Platform

y o-°
Figure 5.2: The BEFC loop
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The parallel manipulator BEFC loop closure equation is described using two different
expressions for the Ry vector. This vector can be further broken into components from

Figure 5.2. The first Ry vector equation is shown in Equation 5.1.

Roc = Rog + Regp + Rp¢ (.1)

The Ry vector is simply from the origin, point O, to the position of the second
prismatic joint in the Y-direction. The P2 term is used to describe the second prismatic
joint and the position of the second prismatic joint in relation to point O where the
coordinate system resides. Figure 5.3 shows the measurement of P2 position based on the

coordinate system residing at the corner.

P
P2 \

O’E7 U2 O

Figure 5.3: The measurement of P2 (Left) starting position coincident with O,
(Right) displaced position

R 1s shown as Equation 5.2.

Rog = _sz (5.2)
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The Rgg vector is made up of link 6 and its orientation. The [ term is the length of
link 6. Link 6 is the intermediate member between the two universal joints, U2 and Us,
labeled by points E and B. The 6; term is the angular rotation about the 7 unit vector axis
measured from the negative j unit vector axis. The 6, term is the angular rotation about j
unit vector axis measured from the e unit vector, which is introduced in Equation 4.8.
The angles 8, and 6, give the orientation of the vector. The 6, and 6, angle

measurements are shown in Figure 4.16. Rgg is shown in Equation 5.3.

Rgg = lg[ —sinf,, cosf,sin 6, , cosf,cosh;]” (5.3)

The Rgc vector goes from the universal joint, Us, to the spherical joint, S1, along with
the mobile platform. The a and b dimensions define the length of the vector. The a
dimension is the length of the mobile platform parallel to the V-axis. The b dimension is
the midpoint of the length of the mobile platform parallel to the U-axis. The r; and r,
unit vectors define the orientation along the mobile platform. The r; and r, are just two
of the three mutually orthogonal the unit vectors from the rotation matrix defined for the
coordinate system and described in Equation 4.3. The Rp vector is shown in Equation

5.4.

Rpc = brqy —ar, (5.4)
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The Ry loop closure equation is completed using a second set of vectors to express

Roc. The second R vector equation is shown in Equation 5.5.

Roc = Rog + Rgr + Rec (5.5)

The Ry vector is the same Equation 5.2 from the first set. The R vector from
Equation 5.5 starts from the prismatic joint, P2, and continues to the revolute joint, Ry,
along with the base of the tracker. The d and e terms define the length of the vector. The
d dimension is the length of the base parallel to the Y-axis. The e dimension is the
midpoint of the length of the base parallel to the X-axis. The base is defined by the
position of prismatic joint sliders and revolute joint locations and is referred to as link 1.

The Rgg vector relationship is defined in Equation 5.6.

Rgp = ei+ (P, —d)j (5.6)

The R vector is defined by the length of link 2 and its orientation. The [, term is the
length of link 2. Link 2 is the intermediate member between the revolute joint, Ry, and
the spherical joint, S1, labeled by points F and C. The g term is the angle of rotation
about the X-axis measured from the k unit vector projected from the revolute joint, Ry. It

defines the orientation of link 2. Figure 5.4 shows the measurement of the 8 angle.
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coordinate system resides. The measurement of Py position is identical to the

measurement of P, and shown in Figure 5.6.

Figure 5.6: The measurement of P1 (Left) starting position coincident with O’,
(Right) displaced position

Ry,p is shown as Equation 5.11.

Rop = —Pyj (5.11)

The Rp,4 vector is defined by link 4 and its orientation. The [, term is the length of
link 4. Link 4 is the intermediate member between two points D and A which label the
two universal joints, Uy and Usz. The ¢, term is the angular rotation about the i unit vector
axis measured from the negative j unit vector axis. The ¢, term is the angular rotation
about j unit vector axis measured from the d5 unit vector, which is introduced in
Equation 4.7. The angles ¢, and ¢, describe the orientation of the vector. The ¢, and ¢,

angle measurements are shown in Figure 4.14. Rp 4 is shown in Equation 5.12.

Rps = L[ —sin¢,, cosg,sing;, cosd,cosp,]” (5.12)
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The R4 vector goes from the universal joint, Us, to the spherical joint, S1, along with
the mobile platform. The a dimension, b dimension, r;, and r, are identical to the ones

defined above for Equation 5.4. The R4, vector is shown in Equation 5.13.

RBC = —br1 —ar, (5.13)

The Ry, ¢ loop closure equation is completed using another set of vectors which is

equal to the first set. The second Ry, vector equation is shown in Equation 5.14.

Roic = Roip + Rpr + Rpc (5.14)

The Ry,p vector is the same as Equation 5.11. The Ry vector from Equation 5.14

starts from the prismatic joint, P1, and continues to the revolute joint, R1, along with the

base of the parallel manipulator. The d and e terms are the same as the one defined above

in Equation 5.6. The Ry vector relationship is defined in Equation 5.15.

Rpr = —el+ (P, —d)j (5.15)

The R vector is defined the same as Equation 5.7. The two equations, Equation

5.10 and Equation 5.14, combine to create a loop closure equation, Equation 5.16.

ROID+RDA+RAC_ROID_RDF_RFC =0 (5.16)
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The Ry,p terms cancel each other out which leaves us with a modified Equation 5.16.
Equation 5.17 shows the new equation. This provides three scalar equations with five

unknowns: ¢4, ¢, B, @3, and P1.

Rps+Ryc— Rpr —Rpc =0 (5.17)

Now, the combination of Equation 5.9 and Equation 5.17 provides a system of six scalar

equation with eight unknowns. Accordingly, additional relationships created by the

constraints of the mechanism must be identified.

5.3 Solving for parallel manipulator parameters

The loop closure equations create a system of six scalar equations with eight
unknowns. This means that the system needs more equations or relationships to solve for
the desired inputs. One such relationship can be found using the characteristics of the
universal joint at point A. Point A has a universal joint, Us, with two yokes, or cross

members, that are perpendicular to each other. This is shown in Figure 5.7.
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Figure 5.7: Point A on the parallel manipulator

One cross member is oriented with the mobile platform parallel to the moving W-axis.
A similar cross member at point B is positioned parallel to this cross member and part of
universal joint, Us. This cross member has a pre-defined unit vector from Equation 4.6
known as b,. The other cross member at point A is rigidly connected to the link 4. At the
other end of link 4 is a parallel cross member at point D. This cross member is a part of
the universal joint, Uz, and has a pre-defined unit vector from Equation 4.7 known as d,.
The dot product of two perpendicular unit vectors is zero. Therefore, by using the two

unit vectors b, and d,, an equation can be formed. This is Equation 5.18.
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by d; =0 (5.18)
Where
b, = —sin8, i + cos 6, sin 6, j + cos B, cos b, k
d, = 0i — cos ¢, j +sing, k

Using Equation 5.18, a new relationship between ¢,, 6;, and 6, is formed in Equation

5.19.

(cos 8, sin B;)(— cos ¢;) + (cos B, cos B;)(sing,) =0 (5.19)

Equation 5.19 can then be rearranged to find the relationship in Equation 5.20.

tan8; = tan ¢, (5.20)
Equation 5.20 reveals that 8, and ¢, are equal or 180° apart; however, for this parallel
manipulator special case, they are assumed to be equal because it is consistent with the
manipulator that was modeled. Therefore, 8, and ¢, in these equations are going to be
defined as equal, thus eliminating one of the eight unknowns, giving just seven

unknowns.

While Equation 5.20 eliminates one extra unknown, there are still seven unknowns
with a system of only six scalar equations. Another relationship can be formed to
eliminate this final extra unknown. As discussed before, the b, unit vector is parallel to
the moving W-axis of the mobile platform. The orientation of the W-axis of the mobile
platform can be described by the unit vector r3. Therefore, the two unit vectors b, and

13 are parallel and equal to each other. This relationship is defined in Equation 5.21.
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by =13 (5.21)
Where
—sin0,
b, = [sinelcosezl
cos0;cosB,
sing,sing,

—sing,cosy,
COS®,

r3 =

Using Equation 5.21, three scalar equations are created and shown as Equation 5.22,

Equation 5.23, and Equation 5.24.

—sinB, — sing,sing,; =0 (5.22)
sinB;cosB, + sin@,cos@; = 0 (5.23)
cos0;cosB, — cosp, =0 (5.24)

These equations can then be used to find an expression to solve for the two
unknowns, 6;and 6,. Equation 5.25, Equation 5.26, Equation 5.27, and Equation 5.28

display the relationship with y and a substituted in for @1 and @».

0, = sin"!(—sinysin(a — 90°)) (5.25)

—cosysin(a — 90°)

sinB; = (5.26)

cos0,
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cos(a —90°)
cosf; = ~ost, (5.27)
Where
0; = arctan2(sin6,, cosb;) (5.28)

This relationship can be applied to the system of equations created by Equation 5.9
and Equation 5.17, resulting in a system of eight scalar equations in eight unknowns.

The eight scalar equations are listed as Equation 5.29 through Equation 5.36.

—e — lgsinB, + a[cosysing; — sinycos(a — 90°)cosps]| +

b[cosycosps; + sinycos(a — 90°)singps] = 0 (5.29)

d — P, + l,sinB + lgcos0,sin®; — a[sinysing; + cosycos@scos(a — 90°)] —

b[sinycos@; — cosycos(a — 90°)sing3] =0 (5.30)

lgcosB,c0s8; — l,cosp — a[sin(a — 90°)cosgs] +

b[sin(a — 90°)sing3] =0 (5.31)

e — lysing, + a[cosysing; — sinycos(a — 90°)cosq@s]| —

b[cosycos@; + sinycos(a — 90°)sing;] = 0 (5.32)

d — P, + lsinB + 1,cosd,sin®; — a[sinysing; + cosycos(a — 90°)cosgs] +

b[sinycos@; — cosycos(a — 90°)sings] =0 (5.33)
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1,c0s0;cosdp, — l,cosp — a[sin(a — 90°)cosg;] —

b[sin(a — 90°)sing3] =0 (5.34)

0, = sin"!(—sinysin(a — 90°)) (5.35)

—cosysin(a — 90°) cos(a — 90°))

= arctan?2
0, = arctanZ( cos0, ’ cosB,

(5.36)

The eight unknowns are ¢, 84, 6, 04, B, @3, Py, and P,.



57

6. RESULTS

After an analysis of the mechanism, a system of scalar equations has been found to
solve the inverse kinematics problem. Using numerical solver in MATLAB, see
Appendix A and Appendix B for the code, one solution to the set of scalar equations is
provided below for an arbitrary set of manipulator parameters. The goal was to provide a
mechanism to achieve various azimuth and elevation angles throughout the day to track
the sun. A SolidWorks model is used to validate the results and display the various
positions. This solution shows the parallel manipulator can achieve a range of azimuth
and elevation angles. The parameters for this specific solar tracker are displayed in Table

6.1.

Table 6.1: The parameters for an example parallel manipulator solar tracker

Parameter Description Specification [inches]
a Length of mobile platform 76
b Midpoint width of mobile platform 38
d Length of the base 71.5
e Midpoint width of base 38
L, Length of Link 2 74.5
ly Length of Link 4 36
lg Length of Link 6 36

This solution can reach a range of positions depending on the specification of the
inputs, P1 and P>. The first example position displayed is where both P1 and P> are in the
retracted position where they align with point O and are equal. The variables are
displayed in Table 6.2 for example position 1. Example position 1 is displayed in Figure

6.1.
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Table 6.2: The variables for example position 1 for solar tracker

Parameter Description Specification
Y Azimuth Angle 0°
a Elevation Angle 58.8°
P; Prismatic Joint 1 Extension Length 0 inches
P, Prismatic Joint 2 Extension Length 0 inches
0, The angular rotation about bzunit vector 31.2°
6, The angular rotation about b4 unit vector 0°
04 The angular rotation about b, unit vector 0°
0, The angular rotation about e4unit vector 0°
(ol The angular rotation about d,unit vector 31.2°
o, The angular rotation about d,unit vector Q°
B The angular rotation about revolute joint at C -19.6°

Figure 6.1: The parallel manipulator solar tracker in example position 1 [y = 0°
and o = 58.8°]

The second example position demonstrated is where P1 is extended fully and P2
remains retracted to where it aligns with point O. The variables are displayed in Table 6.3

for example position 2. Example position 2 is displayed in Figure 6.2.



Table 6.3: The variables for example position 2 for solar tracker
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Parameter Description Specification

Y Azimuth Angle 22.2°

a Elevation Angle 38.8°
P; Prismatic Joint 1 Extension Length 47 inches
P, Prismatic Joint 2 Extension Length 0 inches
0, The angular rotation about bzunit vector 49.1°
0, The angular rotation about b4unit vector -17.1°
04 The angular rotation about b, unit vector -23.9°
0, The angular rotation about e4unit vector -71.9°
ol The angular rotation about dunit vector 49.1°
o, The angular rotation about d,unit vector -43.2°
B The angular rotation about revolute joint at C -18.4°

Figure 6.2: The parallel manipulator solar tracker in example position 2, which
has P1 fully extended and P2 is retracted [y = 22.2° and a = 38.8°]

The third example position demonstrated is where P> is extended fully and Py

becomes retracted to where it aligns with point O. The variables are displayed in Table

6.4 for example position 3. Example position 3 is displayed in Figure 6.3.
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Table 6.4: The variables for example position 3 for solar tracker

Parameter Description Specification
Y Azimuth Angle -22.2°
a Elevation Angle 38.8°
P; Prismatic Joint 1 Extension Length 0 inches
P, Prismatic Joint 2 Extension Length 47 inches
0, The angular rotation about bzunit vector 49.1°
6, The angular rotation about b4 unit vector 17.1°
04 The angular rotation about b, unit vector 23.9°
0, The angular rotation about e4unit vector 43.2°

(ol The angular rotation about d,unit vector 49.1°
¢, The angular rotation about d,unit vector 71.9°
B The angular rotation about revolute joint at C -18.4°

Figure 6.3: The parallel manipulator solar tracker in example position 3, which
has P2 fully extended and P is retracted [y = -22.2° and o = 38.8°]

The mechanism can reach a range of other azimuth and elevation angles besides the
three example positions demonstrated. For these dimensions, Figure 6.4 shows the
azimuth and elevation angles possible are overlaid on the sun path for March 21%, 2019.

March 21%, 2019 is the day after the solar equinox.
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Figure 6.4: The possible azimuth and elevation angles for the solar tracker overlaid

on the path of the sun on March 21%, 2019
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7. LIMITATIONS

The parameters for the example solar tracker presented in the results section were
selected arbitrarily and do not optimize the workspace of the manipulator for solar
tracking. As Figure 6.6 shows, it only encompasses a portion of the sun’s path. The plot
in Figure 6.6 also only shows one day of the year and the path of the sun changes
throughout the year due to the rotations of the earth. The ideal solar tracker has a
workspace that encompasses the path of the sun throughout most of each day throughout

the year - which is not the case for the example solar tracker.

While the parameters of the presented example manipulator have not been optimized
for matching the manipulator’s workspace to the path of the sun, there are other factors
that may also artificially limit the size and shape of the workspace. These limitations are
due to a few reasons. First, the inverse kinematics analysis was developed for a special
case in which the joints and links were limited to certain orientations and planes. For
example, the inverse kinematics model is based on the prismatic joints aligning parallel to
the Y-axis. This doesn’t have to be the case and the prismatic joints can be placed at an
angle or not be symmetrical at all. This may prove to be a better configuration but was
not explored. Another possible limitation was forcing A, B, and C into the same UV-
plane. Alternative workspaces could be achieved by tilting the mobile platform so that C
is placed out of the UV-plane. This could allow for a larger change in elevation angle
without increasing the length of any of the links. It may also allow for a larger range in

azimuth angles than is displayed by the example manipulator that was presented.
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APPENDIX A

Appendix A shows a commented Matlab file that was used to solve the system of

equations

%%%%%% %% % %% % %% %%%%%% %% %% %% %% %% %% %% %% %% % % % %%
% Author: Joseph Hubach

% Date: 2019 February 02

% Description: Solve System of equations to find the variables of the

% Parallel manipulator solar tracker

%%%%%%%% % %% % %% %% %%%% %% %% %% %% %% %% %% %% %% %% % %%
clc

clear variables

%%%%%% %% %% %% %% %% %% %% % %% % %% % %% %% %% %% % %% % % % %%
% define the function that is being solved

fun = @Solve_Parallel_Manipulator_System_of Equations;

% Set Intial Guesses for unknowns
x0 =[5,5,5,5,20,0];

% The options for fsolve fucntion

options = optimoptions(‘fsolve’);
options.Maxlterations = 1000000;
options.MaxFunctionEvaluations = 1000000;

% Execute fsolve to solve for unknowns
x = fsolve(fun,x0,options)
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APPENDIX B

Appendix B shows a commented Matlab function file that was used in Appendix A

to solve the system of equations

function F=Solve_Parallel_Manipulator_System_of Equations(x)

% Function File to Solve System of Equations for Parallel Manipulator
% Author: Joseph Hubach

% Date: 2019 February 02

% Assigning the parameters for the Parallel Manipulator
% Mobile Platform Dimensions [inches]

a=76;

b =76/2;

% An extra mobile platform parameter if C is out of the UV-plane
c=0;

% Base Dimensions [inches]
d=715;
e =76/2;

% Link Lengths [inches]
14 = 36;

16 = 36;

12=745;

% Define Azimuth and Elevation Angles [degrees]
el =47.5953,;
az =-19.1446;

% Assign angles p1 and p2 in terms of Azimuth and Elevation [degrees]
pl = -az;
p2 = el-90;

% Defining the unknown values
% *(only 6 equations and 6 unknowns will be solved using fsolve function)

phi2 =x(1);
thetad = x(2);
beta = x(3);

p3  =x(4);



71

P1L =x(5);
P2 =x(6);

% Defining two of the unknown values (thetal and theta2)
% using B2 = R3 vectors

% Equation 5.35

theta2 = asind(-sind(-az)*sind(el-90));

% Equation 5.26

sintl =-cosd(az)*sind(el-90)/cosd(theta2);
% Equation 5.27

costl = cosd(el-90)/cosd(theta2);

% Equation 5.36

thetal = atan2(sint1,cost1)*180/pi;

% The relationship from tan(phil) = tan (thetal)

% Equation 5.20
phil = thetal;

% Defining the system of equations (Equations 5.29 through 5.34)

% Equation 5.29

F(1) = a*(cosd(pl)*sind(p3) + cosd(p2)*cosd(p3)*sind(pl)) - 1.0*e +
b*(cosd(pl)*cosd(p3) - 1.0*cosd(p2)*sind(pl)*sind(p3)) - 1.0*16*sind(theta4) -
1.0*c*sind(p1)*sind(p2);

% Equation 5.30

F(2) =d - 1.0*P2 + b*(cosd(p3)*sind(pl) + cosd(pl)*cosd(p2)*sind(p3)) +
a*(sind(pl1)*sind(p3) - 1.0*cosd(pl)*cosd(p2)*cosd(p3)) + 12*sind(beta) +
c*cosd(pl)*sind(p2) + 16*cosd(thetad)*sind(thetal);

% Equation 5.31

F(3) = 16*cosd(thetal)*cosd(thetad) - 1.0*c*cosd(p2) - 1.0*a*cosd(p3)*sind(p2) -
1.0*12*cosd(beta) + b*sind(p2)*sind(p3);

% Equation 5.32

F(4) = e + a*(cosd(pl)*sind(p3) + cosd(p2)*cosd(p3)*sind(pl)) -
1.0*b*(cosd(p1)*cosd(p3) - 1.0*cosd(p2)*sind(p1)*sind(p3)) - 1.0*14*sind(phi2) -
1.0*c*sind(p1)*sind(p2);

% Equation 5.33

F(5) =d - 1.0*P1 - 1.0*b*(cosd(p3)*sind(pl) + cosd(pl)*cosd(p2)*sind(p3)) +
a*(sind(pl)*sind(p3) - 1.0*cosd(pl)*cosd(p2)*cosd(p3)) + 12*sind(beta) +
c*cosd(pl)*sind(p2) + 14*cosd(phi2)*sind(phil);

% Equation 5.34

F(6) = 14*cosd(phil)*cosd(phi2) - 1.0*c*cosd(p2) - 1.0*I2*cosd(beta) -
1.0*a*cosd(p3)*sind(p2) - 1.0*b*sind(p2)*sind(p3);

end



